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1. INTRODUCTION 

In this paper we present a new existence result for a variational model of quasistatic 
growth for brittle cracks introduced in ^H] and based on Griffith's idea (see ^Bj) that the 
crack growth is determined by the competition between the elastic energy of the body and 
the work needed to produce a new crack, or extend an existing one. The main feature of this 
model is that the crack path is not prescribed, but is a result of energy balance. In order 
to obtain our existence theorems in any space dimension and for a general bulk energy, we 
introduce a mathematical formulation of the problem in a suitable space of functions which 
may exhibit jump discontinuities on sets of codimension one. 

We now describe the model in more detail. The reference configuration is a bounded 
open set ft of M™ with Lipschitz boundary dil = <9d$1 U 8n^, with cfofi H d^fl = 0. On 
the Dirichlet part <9of2 of the boundary we prescribe the boundary deformation, while on 
the Neumann part 3/vf2 we apply the surface forces. In our formulation, a crack is any 
rectifiable set r contained in f2 and with finite n — 1 dimensional Hausdorff measure. We 
assume that the work done to produce the crack r can be written as 

JC(r) := [ K{x,vr{x))dH n - l {x), 
Jr\a N n 

where vp is a unit normal vector field on r and TL a ~ 1 is the n — 1 dimensional Hausdorff 
measure. The function re(x, v) depends on the material and satisfies the standard hypotheses 
which guarantee the lower semicontinuity of JC. Since k{x, v) depends on the position x 
and on the orientation v , we are able to deal with heterogeneous and anisotropic materials 
(see Subsection 13 .2|) . 

We adopt the framework of hyperelasticity and assume that the bulk energy of the un- 
cracked part of the body is given by 

W(V«) := / W(x,Vu(x))dx, 
Jn\r 

where u: Q\r — » M™ is the unknown deformation of the body, and W(x, £) is a given 
function depending on the material. We only suppose that W(x,£,) is quasiconvex with 
respect to £ and satisfies suitable growth and regularity conditions (see Subsection 13. 3|) . 
It is convenient to consider the deformation of the uncracked part H\r of the body as a 
function u defined almost everywhere on f2 , whose discontinuity set S(u) is contained in 
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r . An adequate functional setting for these deformations is a suitable subspace of the space 
GSBV(n;R n ) introduced in QU and studied in [T] (see Section©. 

For every time t G [0, T] , the applied load is given by a system of t -dependent body and 
surface forces. We assume that these forces are conservative and that their work is given by 



where ds^l is a subset of , and F and G satisfy suitable regularity and growth condi- 
tions (see Subsections 13 . 41 and 13 . 51 and Section EJ). To avoid interactions between cracks and 
surface forces, we impose that all cracks remain at a positive distance from ds^l (see (13.111 
and Remark 13. 6(1 . 

We adopt the following terminology: an admissible configuration is a pair (u, r) , where 
r is an admissible crack and u is an admissible deformation with jump set S(u) contained 
in r . The total energy of (u, r) at time t is defined by 



For every time t G [0,T] we prescribe a "continuous" boundary displacement ip{t) on 
doQ\r(t) , where r(t) is the unknown crack at time t. We thus assume that ip(t) is the trace 
on <9of2 of a function in a suitable Sobolev space on f2, so that we cannot a priori impose 
a "strong discontinuity" at the boundary, like a jump in the prescribed displacement ip{i) . 
Moreover, we also assume that t i— > ip(t) is sufficiently regular (see Subsection 13.6(1 . The 
set AD(tp(t), r(t)) of admissible deformations with crack r(t) and boundary displacement 
ip(t) is then defined as the set of deformations u in a suitable subspace of GSBV(fl; M. n ) , 
whose jump set S(u) is contained in r(t) and whose trace agrees with %p(t) on do^i\r(t) . 

In the spirit of Griffith's original theory, a minimum energy configuration at time t is an 
admissible configuration (u(t), r(t)) , with u(t) £ AD(ip(t), r(t)) , such that 



for every admissible crack r containing r(t) and for every u G AD(ip(t), V) . In other words, 
the energy of (u(t), r(t)) can not be reduced by choosing a larger crack and, possibly, a 
new deformation with the same boundary condition (see Subsection 13. 8(1 . 

An irreversible quasistatic evolution of minimum energy configurations is a function 1 1— > 
(u(t), r(t)) which satisfies the following conditions: 

(a) static equilibrium: for every t G [0, T] the pair (u(t),r(t)) is a minimum energy 
configuration at time t; 

(b) irreversibility: -T(s) is contained in r(t) for < s < t < T; 

(c) nondissipativity: the derivative of the internal energy equals the power of the applied 




s{t)(u, r) : = w(Vu) + /c(r) - r(t)(u) - Q{t){u) . 



8(t)(u(t),r(t))<£(t)(u,r) 



forces. 




d{W{x, Vu(t))vip(t) dfC 1 ' 1 + [ d z F{t 7 x,u(t))u(t)dx + 




(1.1) 



where v is the outer unit normal to <9f2, ip{t) and u(t) denote the time derivatives of ip(t) 
and u(t) , while d(W , d z F , and d z G are the partial derivatives of W(x, £), F(t,x,z), 
and G(t, x, z) with respect to £ and z. As d^W(x,Vu{t))v is the boundary traction 
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corresponding to the deformation u(t) , the first term in \ is the power of the surface 
force which produces the boundary displacement ip(t) on do^\r(t) . 

Unfortunately, formula makes sense only if ip{t) and u(t) are sufficiently regular with 
respect to t (see Remark 13.9(1 . while there are quasistatic evolutions that are discontinuous 
with respect to t. Therefore we prefer to express the conservation of energy in a weaker 
form, which makes sense even if u is not regular (see Subsection 13. 9fl . 

The main result of this paper is the following existence theorem: if (ito, J"b) is a minimum 
energy configuration at time t = 0, then there exists an irreversible quasistatic evolution 
(u(t),r(t)) with (w(0),r(0)) = {u ,r ) (see Theorem EJ3J. 

As for the hypothesis of the previous theorem, we remark that for every initial bound- 
ary displacement "0(0) and for every crack r there exists a minimum energy configuration 
(uq, .To) at time t = with Jq containing r (sec Thcorem l3.8ll . For special initial displace- 
ments uq it is easy to determine the cracks Jo such that (uq, Jo) can be used as initial 
condition in the existence theorem. For instance, if "0(0) and uq coincide with the identity 
map Uid, then (u.^, Jo) is a minimum energy configuration at time t = for every crack 
Jo , under very natural assumptions on W , F , and G (see Remark 13. 1211 . 

Previous results on this subject have been obtained in [5] in the case n = 2 for a scalar- 
valued u and for W(£) = |£| 2 , which corresponds to the antiplane case in linear elasticity. 
In that paper the admissible cracks are assumed to be connected, or with a uniform bound 
on the number of connected components. This restriction allows to simplify the mathemat- 
ical formulation of the problem. Indeed, in jU] the cracks are assumed to be closed and, 
consequently the deformations belong to a suitable Sobolev space. 

These results were extended to the case of planar linear elasticity by Chambolle in [7] . In 
both papers the existence of a solution is obtained by an approximation argument, where the 
approximating cracks converge in the sense of the Hausdorff metric, while the approximating 
deformation gradients converge strongly in L 2 . 

The paper |14| removes the restriction on the connected components of r and on the 
dimension of the space, and introduces a weak formulation in the space SBV(fl). The 
function u is still scalar-valued and this hypothesis is used to obtain some compactness 
results which need a uniform L°° -bound that, in the scalar case, can be easily obtained by 
truncation. It also provides a jump transfer theorem that is instrumental in the present 
analysis (see Subsection 15 

In the present paper, we deal with the vector case, where the deformation u maps a subset 
f2 of K" into R™ (or, more generally, into M. m , so as to include the antiplane case when 
rn = 1 ). This forces us to introduce a weaker formulation in the larger space GSBV(fl; M. m ) , 
where a compactness theorem holds under more general hypotheses. Another new feature 
of this paper is that we consider the case of finite elasticity, with an arbitrary quasiconvex 
bulk energy with polynomial growth, and allow for a large class of body and surface forces. 
In truth however, our formulation is not all encompassing; it does not allow for constant 
body loads like gravity, or conservative surface loads like pressure. 

As in prior works [Hj, |Zjj |14) . our result is obtained by time discretization. We fix a 
sequence of subdivisions (^)o<i<fc of the interval [0,T] , with = t k < t\ < ■ ■ ■ < t^ 1 < 
t\=T and lim*, maxi(t l k — t\ 1 ) = 0, and define by induction an approximate solution 
{u\,ri) at time t\ : let (m°, T°) := (u , Jo) , and, for i = 1, . . . , fe, let (u l ki ri) be a solution 
of the minimum problem 

min{£(4)( U ,r) : JT 1 C T, u G AD(ip(t k ), r)} , 

whose existence can be deduced from the GSBV compactness theorem of For every 
t G [0, T] we consider the piecewise constant interpolations 



r k (t):=ti, u k {t):=u\, r k (t):=li, 



4 



GIANNI DAL MASO, GILLES A. FRANCFORT, AND RODICA TOADER 



where i is the largest integer such that t k <t. The solution (u(t), r(t)) of the continuous- 
time evolution problem will be obtained by passing to the limit in the sequence (u k (t), 
as k — > oo . 

To this aim we introduce a new notion of convergence of sets, called a p -convergence, 
related to the notion of jump sets of SBV functions. We study the main properties of this 
convergence and prove, in particular, a compactness theorem (see Subsections 14. II and I4.2|) . 
Using these results we show that there exists a subsequence, still denoted r k (t), such that 
-Tfc(i) U<9atO <j p -converges to a crack F(t) for every t £ [0,T] . Since this subsequence does 
not depend on t, the cracks r(t) are easily shown to satisfy the irreversibility condition (b). 

We now fix t £ [0, T) and, using the GSBV compactness theorem, we extract a further 
subsequence of u k (t) , depending on t, which converges to some function u(t) . The very 
definition of a p -convergence implies that the jump set S(u(t)) is contained in F(t) , so that 
u(t) £ AD(tfj(t), r(t)) . Then we show that (u(t), r(t)) is a minimum energy configuration 
at time t (condition (a)), using the fact that (u k (t), r k (t)) satisfies the same property at 
time Tfc(t) . A crucial tool in the proof of this stability result for minimizers is the jump 
transfer theorem, established in Jl] in the case of SBV functions, and extended here to 
the GSBV setting (see Subsections 15 . II and 15 . 2|l . 

It remains to prove condition (c) on the conservation of energy, in the weak form given 
in Subsection To this aim we introduce the functions 

fc (t) := (0W(Vu fc (t)), W>(t)) - (dT(T k (t))(u k (t))J(t)) - 

-T{t){ Uk (t)) - (dg(T k (t))(u k (t)),i>(t)) - g(t)(u k (tj) , 

where (•, •} denotes the duality pairing in suitable L p spaces, dT and dQ are the differ- 
entials of the functionals T and Q in these function spaces, while T and Q are the time 
derivatives of J- and Q . By using the minimality property which defines (u k , r k ) , we prove 
the fundamental estimate 

£(T k (t))(u k (t), r k (t)) < £(o)K, r ) + f " n e k {s) ds + R k , 

Jo 

with R k — > as k — > oo (see Section EJl. 

The main difficulty is to pass to the limit in the first term in the definition of 9 k (t) , 
since Vu k (t) converges only weakly. We overcome this difficulty by proving a technical 
result (Xemma 14. 1 If) , which shows that convergence of the energies implies convergence of 
the stresses (see Subsection 14. 3f) . Since £ is lower semicontinuous, we can pass to the limit 
in the previous estimate, obtaining the energy inequality 

£(t)(u(t),r(t)) <£(0)(u o ,r o )+ f 6(s)ds, 

Jo 

where 

6(t) := (dW(Vu(t)),Vi>(t)) - (dT(t)(u(t))^{t)) - 

T(t){u(t)) - (dg(t)(u(t)), m) - G(t)(u(t)) . 

Recalling the weak formulation of condition (c) given in Subsection 13.91 it remains to 
show that 

£(t)(u(i),r(t))>£(0)(uo,r )+ f 6{s)ds. 

Jo 

To prove this inequality we consider a sequence of subdivisions (s k )o<i<i k of the interval 
[0, t] , with = s\ < s\ < ■ ■ ■ < s k k ~ < s k k — t and limfc maxj(s^ — sjT 1 ) = > anc ^ compare 
£(s k ' 1 )(u(s k ^ 1 ), ri-s 1 ^ 1 )) with £(s l k )(u(s k ),r(s l k )), thanks to the minimality property of 
(^(s^r 1 ), r(s k ^ 1 )) given by condition (a). In this way we obtain an estimate of the form 

£{t){u{t), r{t)) > £(Q)(u , r ) + & k (t) , 
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where Qk(f) is an intricate expression that can be written in terms of Riemann sums of the 
functions 9(s), Vtp(s), tp(s), J-(s)(u(s)), and Q(s)(u(s)) (see Section [7} . Although these 
functions are only Lebesgue integrable, Ofc(i) converges to the integral of on [0, t] for a 
suitable choice of the subdivisions (si) (see Subsections I4.4I and 15.3(1 . 

Finally we prove a result which can be used to justify the numerical approximation of 
the quasistatic evolution based on time discretization. Even if the deformation u(t) is not 
uniquely determined by the crack F(t), for every t E [0, T] the clastic energies and the 
crack energies of the discrete-time problems converge to the corresponding energies for the 
continuous-time problems (see Section 

2. SPACES OF FUNCTIONS WITH BOUNDED VARIATION 

Throughout the paper C n and 7i" _1 denote the Lebesgue measure in R n and the n — 1 
dimensional Hausdorff measure, respectively. Unless otherwise specified, the expression 
almost everywhere (abbreviated as a.e.) always refers to C n . If 1 < r < oo and E is a set, 
we use the notation || • || r or || • \\ r: E for the U norm on E with respect to C n or 7i" _1 (or 
to some other measure as dictated by the context). 

Given two sets A, B in R" we write A<zB\i TL n ^ 1 {A\B) = and we write A = B if 
H n ~ 1 (AAB) = 0, where AAB := (A\B) U (B\A) denotes the symmetric difference of A 
and B. 

We say that a set r C R n is rectifiable if there exists a sequence i"* of C 1 -manifolds 
of dimension n— 1 such that T = (J. Fi (these sets are called (Ti n ^ 1 ,n — 1) rectifiable 
in |13|). A unit normal vector field v on F is an TC l ~ l -measurable function v: F — > R™, 
with |^(x)| = 1 for W" -a.e. iGf , such that i/(x) is normal to 7^ for 7i n_1 -a.e. x £ Fi 
and for every i . It is well-known that every rectifiable set has a unit normal vector field 
(indeed, infinitely many, since there is no continuity assumption) and that the definition 
does not depend on the decomposition of r (see, e.g., [3J Remark 2.87]). 

Let U be a bounded open set in M™ and let u: U — » K m be a measurable function. 
Given x € t/ we say that u(ir) € R m is the approximate limit of u at a;, and write 
u(x) = aplimu(j/), if for every e > we have 

Urn p- n C n {{y e B p (x) : |«(y) -£(or)| > e» = 0, (2.1) 

where B p (x) is the open ball with centre a; and radius p. We define the jump set S(u) of 
u as the set of points x £ U where the approximate limit of u does not exist. Given x 6 U 
such that exists, we say that the mxn matrix Vu(x) is the approximate differential 

of u at x if 

u(y) -u(a;) - Vu(x)(y - x) 
ap lim j j = . 

|2/ — atrj 

The space _BU(?7;IR m ) of functions of bounded variation is defined as the set of all u G 
X 1 (f/;IR m ) such that the distributional gradient Du is a bounded Radon measure on U 
with values in the space M mxn of mxn matrices. If u G £?V(L/;R m ), we can consider the 
Lebesgue decomposition Du = D a u+D s u, where D a u is absolutely continuous with respect 
to C n and D s u is singular with respect to C n . In this case the approximate differential 
V«(i) exists for a.e. x G U and the function Vu belongs to L 1 (U;M mxn ) and coincides 
a.e. with the density of D a u with respect to C n (Calderon-Zygmund Theorem, see, e.g., 
Theorem 3.83]). Note that S(u) coincides with the complement of the set of Lebesgue 
points for u, up to a set of H"^ 1 -measure 0. 

The space SBV(U;R m ) of special functions of bounded variation is defined as the set 
of all u G BV(U;R m ) such that D s u is concentrated on S(u), i.e., \D s u\(U\S(u)) = 0. 
As usual, SBVi oc (U;« m ) denotes the space of functions which belong to SBV(U';R m ) for 
every open set U' CC U . 
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Let us fix an exponent p, with 1 < p < +00. The space SBV P (U; R m ) is defined as the 
set of functions u G SBV(U; R m ) with Vw € L p (U:M mxn ) and W n - 1 (5(u)) < +00. 

Definition 2.1. A sequence ti^ converges to u weakly in SBV P (U; R m ) if and only if 
u k , u e SW p ([/;R m )aL 00 ([/;R m ), u fe -> u a.e. in [/, Vw fc V« weakly in LP([/; M mx ") , 
and ||ufc||oo an d 'H n (S(uk)) are bounded uniformly with respect to fc. 

If u G H' 1 *([/;K ra ), then u G SBV P {U; R m ) and 5(w) = 0. The following compactness 
theorem is proved in (see also Section 4.2]). 

Theorem 2.2. Let u k be a sequence in SBV p (U;R m ) such that HttkHoo, ||Viifc|| p , and 
7i n {S{uk)) are bounded uniformly with respect to fc. Then there exists a subsequence 
which converges weakly in SBV p (U;R m ) . 

This result is not enough for the study of the fracture problem in dimension n , because we 
have no a priori bound on the L°° norm of the solutions. To overcome this difficulty we have 
to use the wider space GSBV(U; R m ) of generalized special functions of bounded variation, 
defined as the set of all functions u: U — > R™ 1 such that ip(u) G SBVi oc (U, R m ) for every (p G 
C 1 (M m ;K m ) with supp(V(^) CC R m . It is easy to see that SBV(U;R m ) C GSBV{U; R m ) 
and GSBV(U;R m ) D L°°(U;R m ) = SBV ioc {U; R m ) n L°°{U; R m ) . If u G GSBV{U; R m ) , 
then the approximate differential Vu(x) exists for a.e. x G U (see Propositions 1.3 



We define GSBV P (U; R m ) as the set of functions u 6 GSBV(U; R m ) such that Vu € 
LP(f7;M mx ") and W 7l_1 (5(u)) < +00. If u G GSW p (t/;R m ) and y> G G^R'^R" 1 ) with 
supp(V</?) GC R ln , then the function v := ip(u) belongs to SBVi oc (U; R m ) and S , (w) C 
S(u). As Vu = Vip(u)Vu a.e. in 17, we have Vv G L p (?7; M mxn ) . Since by H Section 3.9] 



we deduce that v G BV(U; R m ) , and recalling that v G 5.BVz oc (?7; R m ) we conclude that v G 
SBV p (U;R m ). The previous discussion shows that SBV P (U; R m ) C GSBV P {U; R m ) and 
G5 , W p (J7;R m )nL 00 (C/;R m ) = S , Sy p (?7;R m )n J L 00 (;7;R m ). As usual we set SBV P (U) := 
SBV P (U;R) and GSBV^{U) := GSBV P (U ; R) . 

The following proposition proves some basic properties of the space GSBV P (U; R m ) . 
Note that the same properties do not hold for GSBV(U; R m ) (see Remark 4.27]). 

Proposition 2.3. GSBV P (U; R™ 1 ) is a vector space. A function u :— (u 1 , . . . ,u m ) : U — > 
R m freZoriffs to GSW p ([/;R m ) zf and onfy «/ eac/i component u l belongs to GSBV P {U). 

Proof. Let it, v G GSW p ([/;R m ) and let vj G G 1 (R m ; R m ) with supp(V<^) CG R m . We 
have to prove that the function w := tp(u + v) belongs to SBVi oc (U; R™ 1 ) . To this aim 
we consider a function (p\ G G,}(R m ;R m ) such that <pi(z) — z for \z\ < 1, and we define 
if k {z) := ktp^z/k). Then ip k G C7*(K m ;K m ), (^ fe (z) = z for |z| < fc, and |V</J fe | < G for 
some constant G independent of fc. Let := (p(cp k (u) + ifk(v))- Since tp k (u) and <p k (v) 
belong to SBV P (U; R m ) , the functions w fc belong to SBV p (U;W n ). As 



the sequence Vw k is bounded in L p (£/; M mxrl ) . Moreover S(u)k) C S'(it) US(«) and 
||w&||oo < Halloo < +00. Since u>fc converges to w a.e. in [/, from Theorem 12. 21 we deduce 
that w G SBV p {U:R m ). 

Let u := (m 1 , . . . ,it m ) be a function in GSBV P {U: R m ) , let i = 1, . . . , to, and let ip G 
G : (R) with suppi/i' GC R. In order to prove that u l G GSBV P (U) it is enough to show 
that i^{u l ) belongs to SBV(U). Let ^fe be a sequence in G^(R m ) such that HV'felloc < 
lj ||V^fc||oo < 1, and tpk(z) = 1 for \z\ < fc, and let v k := ^{u l )ij k {u) . Then v k G 
SBV p (U;R m ), \\vkWoo < Mao < +00, S(v k ) C and 



and 1.4]). 




Vrot = V<f(ip k (u) + <p k (v)){X7<p k (u)Vu + V<p k {v)Vv] , 



Vufc = ii'(M i )^(u)Vii ! + V(w l )V^ fc (M)Vu, 
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so that Vwfc is bounded in L p (U;M. m ) . Since v k — > a.e. in [/, from Theorem 12.21 we 

deduce that ip{u l ) 6 SW^fJ). 

Conversely, if all components u 1 of u belong to GSBV P {U) , then it is easy to see that 
w l e; belongs to GSBV P (U; R m ) , ej being the i th vector of the canonical basis of R m , so 
that u E GSBV P (U; R m ) by the vector space property. □ 

From Proposition 12 . 31 and 0J Theorems 4.34 and 4.40] we obtain that S(u) is rectifiablc 
for every u 6 GSBV P (U; R m ) , and, if i-v is a unit normal vector field on S(u), then for 
7i I1_1 -a.e. a; € S'(u) there exist two distinct vectors u + (x), u~(x) £ R m such that 

u + (x) = aplim u(y) , u~(x) = aplim u{y) , (2-2) 

y^x,y£H+(x) y—>x,yEH-(x) 

where H + (x) := {y E U : (y - x) ■ v u (x) > 0} and H~(x) := {y E U : (y - x) ■ v u (x) < 0}. 
We introduce now the notion of trace on the boundary in the GSBV P setting. 

Proposition 2.4. If U has a Lipschitz boundary and u E GSBV p (U\W nl ) , then there 
exists a function u : dU — > R m such that 

aplim u(y) = u(x) (2-3) 

y-^x, yell 

for T-C^-a.e. x E dU . 

The W n_1 -a.c. defined function u: dU — > R m is called the trace of u on dU and in the 
rest of the paper will be denoted simply by u . 

Proof of Proposition \2.J\ Let us fix a bounded open set Uq containing U. Given u E 
GSBV p (U\W m ) , let uo be the function defined by uq :— u on U and uq := on Uo \ U . 
For every ip E C 1 (M m ;R m ), with supp(V^) CC R m , we have tp(u) E SBV p (U;W n ). 
Therefore ip(u ) £ SBV p (U a ;M" 1 ) and we conclude that u a E GSBV P {U ; R m ) . By the 
definition of S(uq), for every x E dU\S(uo) we have 

aplim m (y) = u (x) , 

y^x 

which implies H2.3|l with u(x) := uq(x) . We can choose a unit normal vector field v UQ on 
S(uq) which coincides with the outward unit normal to dU 7i"~ 1 -a.e. on S(uq) C\dU (see, 
e.g., 4, Proposition 2.85]). Since in this case 

lim p- n C n (BJx) n (if" (a:) At/)) = 

for W n_1 -a.e. x E S(uq) PidU, the second equality in 12.2(1 gives (|2.3|l with u(x) := Uq(x). 

□ 

For every g > 1 we set GSBV P (U; R m ) := GSBV P (U; R m ) n L«(t/; R m ) . 

Lemma 2.5. Assume that U has a Lipschitz boundary and that u E GSBV p (U;W n ) for 
some q>l. If S(u) = , then u belongs to W^ P (U; R m ) n Li(U; R m ) . 

Proof. Let tp E C^(R m ;R m ) be a function such that <p(z) = z for \z\ < 1, and let <pk( z ) '■— 
k<p(z/k). Then (p k E C,J(R m ;R m ), <pk(z) — z for \z\ < k, and \Vipk \ < C for some constant 
C independent of fc. Under our assumptions on u, the functions Vk '■= <Pk(u) belong 
to SBV p (U;R m ) ni°°(C/;R m ) and S(v k ) = 0. This implies that v k E W 1,p (U,R m ) n 
L°°(U;M. m ) . Since {/ has a Lipschitz boundary there exists a constant 7 > 0, depending 
only on p, q, and [/, such that \\v k \\ p < 7([|V«k|| p + \\v k \\ q ) for every k. As \<p k (z)\ < C\z\ 
for every z E R m and every k, we have ||t)fe|| g < C||w|| 9 . Since Vv k = Vip k (u)\7u, we have 
also ||Vvfe|| p < C||Vw||p. Therefore v k is bounded in M /1,P (C/; R m ) . As converges to u 
pointwise a.e. on U, we conclude that u E W 1,P (U; R m ) . □ 

In the spirit of Definition 12. II wc introduce the following notion of convergence. 
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Definition 2.6. A sequence u k converges to u weakly in GSBV P (U; R m ) if and only if 
u k , u belong to GSBV P (U; R m ) I, u k -> u a.e. in U, Vu k ->> Vu weakly in LP([/;M rox "), 
and Ti. n ^ 1 (S(uk)) is bounded uniformly with respect to fe. 

It is immediate that weak convergence in SBV P (U; R m ) implies weak convergence in 
GSBV p {U;W n ). The following compactness theorem for GSBV p (U;W n ) is proved in 
Theorem 2.2] (see also |U Section 4.5]). 

Theorem 2.7. Let u k be a sequence in GSBV p (U\W n ) such that ||wfe||i, ||Vufc|| p , and 
7i n ^ 1 (S(uk)) are bounded uniformly with respect to k. Then there exists a subsequence 
which converges weakly in GSBV p (U;W n ) . 

We recall that a function W : M mxn — ► R is said to be quasiconvex if 

W(£ + V^(x)) dx > W{£)C n (U) 

for every £ £ M m>< ™ and every <p £ C*(L/;R m ). The following theorem collects the lower 
semicontinuity results with respect to weak convergence in GSBV P (U; R m ) that we shall 
use in the rest of the paper. 

Theorem 2.8. Let W : U x M" ix,i — > E be a Caratheodory function satisfying 

W(x, •) is quasiconvex on M mx " for every x £ U , (2-4) 

a \£\ p -b {x) <W(x,£) < ai \£\ p + b 1 {x) for every (x, £) £ U x M mx " (2.5) 

for some constants ag > 0, a\ > 0, and some nonnegative functions b$, b\ £ L 1 ^). Let 
k: UxR n —>■ R be a lower semicontinuous function such that 

k(x, •) is a norm on R ra for every x £ U , (2-6) 

k%\l>\ < k(x,v) < k,2\v\ for every (x,i/) £ L/xR" (2-7) 

for some constants k,\ > and Ki > . If Uk converges to u weakly in GSBV P (U] R m ) , 
then for every Ti. n ~ 1 -measurable set E, with Ti. n ^ 1 (E) < +oo , we have 



L 



W{x, Vu(x))dx < liminf / W{x, Vu fe (x)) dx , (2. 



K{x,v u {x))dH n ~ l {x) < liminf / k(x, z/„ fc (x)) drC'^x) , (2.9) 

S(«)\B fc ^°° Js(u k )\E 

where v Uk and v u are unit normal vector fields on S(uk) and S(u), respectively. 

Proof. If Uk converges to u weakly in SBV P (U; R m ) , inequality l|2.8|l is proved in |3] (see 
also 01 Theorem 5.29]). The general case is proved in [2"U| . 

If E = 0, the proof of Ij2.9[l can be found in Theorem 3.7] when k does not depend 
on x. The extension to the case of a general k can be obtained by standard localization 
techniques. When E ^ is compact it is enough to replace U by U\E. To prove (|2.9J) 
in the general case let e > and let if C -E be a compact set such that H n ~ 1 (E\K) < e. 
Since S(u)\J5 C S{u)\K and S{u h )\K C {S{u k )\E) U (S\if), we have 

K(x 1 v u {x))d7i n - 1 (x) < [ n{x,v u (x))dH n - l (x)< 

S(u)\E JS(u)\K 

<liminf/ k(x, v Uk {x)) dW n-1 (a;) < 



fc- 



< liminf / K(a;,^„ fe (x))dW n - 1 (x)+K2W™- 1 (£;\if) < 

fe^oo Js(u k )\E 

< liminf / k(x, f Ufc (x)) dTL n ^ 1 {x) + ki£ ■ 



k — >oo 



S(u k )\E 



As e — ► we obtain l|2~9} . □ 
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Remark 2.9. Let E be an H n ~ x -measurable set with H n ^ 1 (E) < +00. Theorem PI 
implies that, if u k converges to u weakly in GSBV P (U; R m ) and S(iik) C E for every k, 
then S(u) C J5. 

Remark 2.10. Let f be a rectifiable subset of J7 with 7i" _1 (F) < +00 and let i? be an 
ft"" 1 -measurable set with H n ^ 1 {E) < +00. Since {S{u)ur)\E= {S(u)\(ruE))U(r\E) 
and (S(iifc) U f)\E = (S(u k )\(r U #)) U (r\£) , Theorem PI implies that, if w fc converges 
to it weakly in GSBV P (U; R m ) , then 

/ «(a,i/(a;))ti7f l - 1 (a:) <liminf / ^^(a;))^ 1 ^), 

J(s(u)ur)\E k ^°° J(s(u k )ur)\E 

where v and are unit normal vector fields on S(u) U J" and S(v,k) U J", respectively. 
3. FORMULATION OF THE PROBLEM 

3.1. The reference configuration. Let O be a bounded open set in R™ with Lipschitz 
boundary 90, and let Ob be an open subset of O with Lipschitz boundary. The set O 
represents the reference configuration of an elastic body with cracks, while Ob represents 
its brittle part, in the sense that every crack in the reference configuration will be contained 
in Ob . 

We fix a closed subset <9/vO of 90, called the Neumann part of the boundary, on which we 
will prescribe the boundary forces. On the Dirichlet part of the boundary <9b-0 '■= <90\S/vO 
we will prescribe the boundary deformation, that will be attained only in the part of <9b-0 
which is not contained in the crack. We fix also a closed subset <9sO of <9at0, which will 
contain the support of all boundary forces applied to the body. We assume that 

n B nd s n = 0. (3.1) 

The reason for such a condition will be explained later (see Remark l3.6[) . 

3.2. The cracks. A crack is represented in the reference configuration by a rectifiable set 
r C Ob with 7i" _1 (r') < +00. The collection of admissible cracks is given by 

n(Sl B ) :={r : r is rectifiable, r C O s , H n ~\r) < +00} . (3.2) 

The set rtldn^ is interpreted as the part of <9dO where the prescribed boundary deforma- 
tion is not attained. On the contrary r D <9atO will not produce any effect, since Ob n <9/vO 
is traction free by (|3.1(l . 

According to Griffith's theory, we assume that the energy spent to produce the crack 
r £ 1Z(Qb) is given by 

K(r):= [ nix^rix^dH^ix), (3.3) 

where is a unit normal vector field on r and k: figxR 11 — > R is a lower semicontinuous 
function, which takes into account the toughness of the material in different locations and 
in different directions. Note that, since with our definition fC(r) = /C(-T\<9jvO) , there 
is no energy associated with the part of the crack that lies on 9^0. Nevertheless for 
mathematical convenience (see Section |5J| it is sometimes useful to consider also cracks r 
with r (~l <9jvO 7^ 0. As in Theorem 12.81 we assume that 

k(x, ■) is a norm on R™ for every x £ Ob , (3-4) 

K\\v\ < k(x, v) < K2IH for every (x, v) £ figxR" , (3-5) 

for some constants k\ > and K2 > . 

To simplify the exposition of auxiliary results, we extend K to M n xM n by setting k(x, v) := 
k%\v\ if x ^ Os , and we define /C(-T) by (|3.3|l for every rectifiable subset F of R" . By (|3.5|l 
we have 

KiW-^rxajvfi) < K(r) < K 2 H n " 1 (r\a 7V o) (3.6) 
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for every rectifiable subset r of R" . 

3.3. The body deformations and their bulk energy. Given an admissible crack r, 
an admissible deformation with crack r will be any function u G GSBV(£l; R m ) with 
S(u) C r . This implies that u has a representative u which coincides with u a.e. on 17 , is 
defined at W n -a.e. point of H\r , and is approximately continuous 7i n_1 -a.e. on ft\-T, 
in the sense that 

u(x) = aplim u(y) 

for Ti. n ~ 1 -a.e. x G Q\T. Note that when m — n we are in the classical case of finite 
elasticity on ft\-T, and when m — 1 we are in the antiplane setting. 

We assume that the uncracked part of the body is hyperelastic and that its bulk energy 
relative to the deformation u G GSBV(£l; R m ) can be written as 

W(x,Vu(x))dx , 

where W: ft x M mx " — > R is a given Caratheodory function such that £ i— » ^(x,^) is 
quasiconvex and C 1 on M mx " for every x G ft. As in Theorem 12.81 we assume that 
there exist three constants p > 1 , > , > , and two nonnegative functions 6g / , 
bf G L l (n), such that 

ajfl^r - b^(x) < W(x,Q < a?\£\* + bf{x) (3.7) 

for every (#,£) G ftxM mx ™ . Since £ h- ► W(x, £) is rank-one convex on M mx ™ for every 
x G ft (see, e.g., [S]), we deduce from the previous inequalities an estimate for the partial 
gradient d^W: ft x M mx ™ -> M mx ™ of W with respect to £ (see, e.g., 0). Specifically, 
there exist a constant > and a nonnegative function b^ G £ p (ft) , with p' = p/{p— 1) , 
such that 

IW^OI^a^l^+bf^) (3.8) 

for every (a;, G ftxM mx " . 

Note that in the case m = n the boundedness assumption (|3.7(l prohibits the introduction 
of the "classical" constraint that W(£) — > oo as det£ — > 0. 

To shorten the notation we introduce the function W: L p (ft;M mx ") — > R defined by 

W($) := / W(x,$(x))da; (3.9) 
Jo 

for every $ G L p (ft; M TOX ") . By $£7$ and the functional W is of class C 1 on 

L p (ft;M mx ") and its differential dW: L*>(ft;M mxn ) -> U>' (ft;M mxn ) is given by 

(5W($),*>= / 9£W(a:,$(a;))tf(x)da;, (3.10) 

for every $, \& E L p (ft; M mxn ) , where (•, •) denotes the duality pairing between the spaces 
L p '(ft;M mxn ) and L p (ft;M mxn ). 

By and (JSHJ there exist six constants aff > 0, > 0, > 0, > 0, 

^ > 0, > such that 

o^wni - < wm < a^\m\p + 0* , (3.H) 
i(aw($), *)i < (a^wnr 1 + py>)\\n P , (3.12) 

for every $, * G £ p (ft; M mx ") . 

If w G GSBV(fl; R™ 1 ) is an admissible deformation for some crack f and u has finite 
bulk energy, then u belongs to GSBV p (fl; R™ 1 ) by i|3.7[l and its bulk energy is given by 
W(Vu) . 
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3.4. The body forces. We assume that at each time t £ [0, T) the applied body forces 
depend on the deformation u and are conservative. This means that there exists a function 
F: [0, T] xfixM m — » R such that the density of the applied body forces per unit volume in 
the reference configuration is given by d z F{t 1 x, u(x)) , where d z F(t, x, z) denotes the partial 
gradient of F with respect to z . We always assume that for every t £ [0, T] the function 
(x,z) i— > F(t,x,z) is C n -measurable in x and C 1 in z. 

Rather than imposing further regularity conditions on F , we prefer to impose appropriate 
conditions on the associated work, corresponding to the deformation u , given by 

F{t){u):= l F(t,x,u{x))dx. (3.13) 

This is because only J-(t) enters in the expression for the energy. 

First of all we assume that there exists q > 1 such that for every t £ [0, T] the function 
F(t) is of class C 1 on L q (fl; R m ) , with differential dF(t): L q (Q;R m ) -» L« r '(f7;R m ) given 
by 

(dF{t)(u) } v) = [ d x F(t,x,u(x))v(x)dx (3.14) 

for every m, u £ L q (fl;R m ) , where (-, ■) is the duality pairing between L q (f2;M m ) and 
L q (n- R m ) , and q' := - 1) . We assume also that 

JF(t)(u) > limsup (3.15) 

k — >oo 

whenever u&, u G R m ) and Uk — > u a.e. on Q. Notice that this inequality follows from 

Fatou's Lemma and from the continuity hypothesis on F, provided suitable upper bounds 
are satisfied. 

About the regularity in t we assume that there exist a constant q £ [1, q) and, for a.e. t £ 
[0,T], a function F(t): L q (Q;R m ) -> R of class C 1 , with differential dF{t): L q (Q;R m ) -> 
L«' (fi; R m ) , c?' := g/(g - 1) , such that 

F{t){u) = .F(0)(tt) + / F{s){u)ds, (3.16) 

(dF{t)(u),v) = (dF{0){u),v) + [ (dF{s){u),v) ds (3.17) 

for every u, v £ L q (Q; R m ) and for every i G [0, T] . In order for l|3.16|l and l|3.17|l to make 
sense, we assume in addition that 1 1— > F{t)(u) and i i— ► (dF(t)(u), v) are integrable on [0, T] 
for every u, v £ L q (Q;W n ). Of course, under these assumptions the functions 1 1— > F(t)(u) 
and < i * (dF(t)(u),v) are absolutely continuous on [0, T] for every u, v £ L q (Q,;R m ) , and 
their time derivatives coincide a.e. with i i— > F(t)(u) and 1 1— > (dJ-(t)(u), v) , which justifies 
the notation. 

We also require some growth conditions on F(t) , dF(t) , F(t) , and dJ-{t) to pass to 
the limit in our approximating sequences. To be explicit we assume that there exist six 
constants > 0, af > 0, > 0, 0§ > 0, /3f > 0, /3;f > and four nonnegative 



functions af, af, (3$ , fif £ L 1 ([0,T]) such that 

of ||«||« - < -^(*)(u) < of ||«||« + /3f , (3.18) 

\{dF(t)(u),v)\ < (af||«||2- l + ^)|H|„ (3.19) 

\F(t)(u)\<af(t)\\u\\i + ^(t), (3.20) 

\(dF(t)(u),v)\ < (af$H[^ 1 +/Jf(*))IM[ 4 (3.21) 



for a.e. t £ [0, T] and for every u, v £ L q {fl; R m ) . Note that by continuity (|3~T%|) and 
hold for every t £ [Q,T], 
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Remark 3.1. The conditions q > 1 and > in (|3.18() play a crucial role in our 
results. From a mathematical viewpoint, they ensure that every sequence of deformations 
with bounded total energy is bounded in L q (il;M. m ) . From a mechanical viewpoint, these 
conditions ensure that, even if the cracks divide the body into several components, no part 
of the body is sent to infinity by the applied forces. Unfortunately, they exclude the case 
of a constant body force, which corresponds to a potential F which is linear with respect 
to z. 

Remark 3.2. Let us explain the roles of the different exponents q and q in ((3.18(1 - 1(3.21(1 . By 
(13.18(1 we obtain the exponent q in . 5 1|> . so that, when we apply the GSBV compactness 
theorem to a sequence Uk of functions with bounded energy, we obtain a subsequence 
which converges pointwise a.e. on fl and is bounded in L q (£l; R m ) , but, in general, does not 
converge strongly in L q (£l; R m ) . In some estimates we need to pass to the limit in sequences 
like !F(t)(uk), and this is made possible by ((3. 20(1 . since q < q and, therefore, Uk converges 
strongly in L q (fl;R m ). 

Remark 3.3. All the conditions for T(t) and J-(t) listed above are satisfied whenever it 
is assumed that 

for every (t, z) G [0, T] xR™ the function x i-v F(t, x, z) is integrable on CI, (3.22) 
for every x G O the function (t, z) i-> F(t, x, z) belongs to C 2 ([0, T] xR m ), (3.23) 

and that there exist seven constants q > q > 1, clq > 0, af >0, af >0, af > , 
af > and five nonnegative functions b%, bf G C°([0, T]; L x (fi)) , &f G C°([0, T]; L«'(H)) , 
&f G i x (^): and & 4 6 such that 

a o\ z \ q - bo(t,x) < -F(t,x,z) < a(\z\ q + b[(t,x) , (3.24) 

\d z F(t,x,z)\ <aF\z\ q - l + bF{t,x), (3.25) 

\d t F(t,x,z)\<af\z\ q + b£(x), (3.26) 

\d z d t F{t,x,z)\ <al\z\ q ~ l +bf{x) (3.27) 

for every (t, x, z) G [0, T] xfixR™ , where 9< denotes the partial derivative with respect to t . 
In this case 1(3.16(1 and 1(3.17(1 are satisfied with 

F(t)(u):= I d t F(t,x,u{x))dx, (3.28) 
in 

since for every u, v G L 9 (S7) the functions t i— > ^(^(u) and i i— > {dlF(t)(u) : v) are the 
continuous time derivatives of the functions < i— » ^-"(i) (u) and < (d!F(t) (u) , w) . Weaker 
hypotheses on F will be considered in Sectional 

3.5. The surface forces. We assume that at each time t G [0, T] the surface forces applied 
on ds^t depend on the deformation u, are conservative, and can be expressed by means 
of a potential function G: [0, T] X(9sf2xR" — > R. More precisely, we assume that for a 
given deformation u the density of the applied surface forces per unit area in the reference 
configuration is given by d z G(t,x,u{x)) , where d z G(t, x, z) denotes the partial gradient of 
G with respect to z . We assume also that for every t G [0, T) the function (x, z) i— > G(t, x, z) 
is 7Y ra_1 -measurable in x and C 1 in z. 

Remark 3.4. These assumptions are natural when the surface forces applied to the de- 
formed body depend on a conservative field acting on a charge distribution which is de- 
formed with the body, i.e., the charge density per unit area in the reference configuration 
does not depend on the deformation. Indeed, in this case the change in the area elements 
between the reference and the deformed configuration is compensated by the corresponding 
change in the charge densities, so that the surface force applied to the deformed body has 
a density per unit area in the reference configuration which depends on the position x and 
on the deformation u(x) , but not on the deformation gradient Vu(x). 
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Unfortunately, pressure forces do not satisfy this assumption, so they cannot be treated 
directly in the framework of this paper. 

As we did for body forces, we will impose appropriate conditions on the associated work, 
corresponding to the deformation u , which in this case is given by 

g(t)(u):=[ Gfax^xfidW- 1 ^). (3.29) 

First of all we assume that there exists r > 1 such that for every t G [0, T] the function 
Q{t) is of class C 1 on L r (d s Q; R m ) , with differential dQ(t): L r (d s fl;R m ) -» L r '(5 s Q;M m ) 
given by 

(dg{t)(u),v) = [ d z G(t,x,u(x))v(x)dH n - 1 (x) (3.30) 

for every u, v 6 L r (9gO; R m ) , where (•, •) denotes the duality pairing between U (dsfi; K" 1 ) 
and L r (9gQ; R m ) , and r' := rj (r— 1) . If the exponent p which appears in (|3.7I) is less than 
the dimension n of fi, we suppose that p < r < p(n — l)/(n — p) . If p > n, we just suppose 
that p < r . 

Let us fix an open set £ls C Q\Qb with Lipschitz boundary and such that ds&> C d£ls ■ 
Under our hypothesis on p and r the trace operator from TU 1,p (f2s; M m ) into L r (ds^i; M. m ) 
is compact (see, e.g., [22)- Therefore there exists a constant 75 > such that 

IM| r ,a s n < 7s(||V«|| Pl n s + ||«|| Pl n s ) (3.31) 

for every u G W 1,p (fls; M." 1 ) . Here and in the rest of the paper we use the same symbol to 
denote a function defined on (a set containing) fig and its trace on ds^l- In particular, if 
u G GSBV(fl;W n ) is a defor matio n with S(u) C O s , W(Vu) < +00, and .F(f)(u) < +00 
for some i € [0,T], then by (EHTl) and u e (fi; K m ) := GSW^ft; M m ) n 

L9(f7;M m ) and 5(u) n fi s = 0, so that by Lemma 1231 u G W l p (n s ; W n ) n L 9 (^ s ; K m ) ■ 
Therefore (the trace of) it belongs to Z/(<9,sf2; R m ) and Q(t)(u) is well defined. 

As for the regularity in t we assume that for a.e. t G [0, T] there exists a function 
C?(i): L r (d s fi;R ro ) -> E of class C 1 , with differential 90 (i): L r (9 s ft;R m ) -> L r ' (<9 s ft;R m ) , 
such that 

g(t)(u) = g(o)(u)+ [ g{ s )(u)ds, (3.32) 

Jo 

(aS(t)(u),i;> = (aa(0)(u),t;) + / (00(s)(u),i;)ds (3.33) 

Jo 

for every u, v G L''(ds^;lR m ) and for every t G [0,T]. In order for IpO^ and lpH5)l to 
make sense, we also assume that t i— > g(t)(u) and ^ l— * (dG(t)(u),v) are integrable on 
[0,T] for every u, v £ L r (ds^', W n ) . This implies that the functions t i— > (?(t)(u) and 
i 1 > (dg(t)(u),v) are absolutely continuous on [0, T] for every u, « G L r (9s^;R m ). 

As we did for the body forces, we require some growth conditions on g{t) , dg(t) , g(t) , 
and dg{t). To be explicit we assume that there exist six nonnegative constants a® , af , 
af) /3q , /?f j 02 and four nonnegative functions af , af , /?f , /3f G L 1 ([0,T]) such that 



-ag||t*||r,8 s n - ft < -G(t)(u) < af\\u\\ r r>dsQ + ft , (3.34) 

\(dg(t)(u),v)\ < (^H|^ n +^)||«|| r>8snj (3.35) 

|^(*)(«)|<af(t)||u||; iasn + /3f(t) (3.36) 

\{dg(t)(u),v)\ < (4(t)\\u\\l; a l n + 02(t))\Hr, ds a (3-37) 



for a.e. t G [0,T] and for every u, v G L r (d s O;R m ). By continuity (|3~M|) and (|3~35|l hold 
for every t G [0,T]. Note that in the first inequality of (|3.34() the term ||u|| r ,a s n appears 
with exponent 1 . This is because in (|3.51() we want a constant ag > . 
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Remark 3.5. All the conditions for Q{t) and Q(t) listed above are satisfied whenever it is 
assumed that 

for every (t,z) £ [0,T]xM m the function x>->G(t,x,z) is W n_1 -integrable on d s £l, (3.38) 
for every x £ d s il the function (t, z) i-» G(t, x, z) belongs to C 2 ([0, T] xR m ), (3.39) 

and that there exist four constants af > , a§ > , af > , af > and six nonnegative 
functions a$ , 6!f e C°([0, T]; L r '(<9 s fi)) , 6{f, 6f £ C°([0, T];L 1 (%Q)) , &f £ L\d s Q), and 
6^ e L r '(d s tt) such that 

-a^(t,ar)|z| - &ff(*,x) < -<?(*, x,*) < of \z\ r + bf (t,x) , (3.40) 

\d z G(t,x,z)\ ^aglzir-i + bgfax), (3.41) 

|9tG(M, Z )| <a°\z\ r + b$(x), (3.42) 

l^ftG^x.^l^aflzl^ + ft^far) (3.43) 

for every (t,x,z) £ [0, T] xc?sfixR m , where 9t denotes the partial derivative with respect 
to t. As in Remark 13.31 we can prove that (|3.32l) and l|3.33|l are satisfied with 

g(t)(u):= [ dtGfax^ix^dH 71 - 1 ^). (3.44) 

Weaker hypotheses on G will be considered in Section OH 

Remark 3.6. In this model £Ib represents the reference configuration of the brittle part 
of the material, while f2\f2s can be considered as the reference configuration of an elastic 
unbreakable part attached to it through the interface f2 (~l d£l b ■ Since W is not assumed to 
be continuous with respect to a;, it may happen that the bulk energy density is discontinuous 
across Q R dfls, so that we can interpret £lg and 17\f2s as representing two bodies with 
different material properties. In other words, in this model the surface forces can act on the 
brittle body Qb only through the layer of unbreakable material fl\fls- At the moment it 
is not known what happens if the thickness of this layer tends to . 

3.6. The prescribed boundary deformations. In this paper we do not consider the case 
of imposed "discontinuous" boundary deformations, but only boundary deformations that 
are traces on do^ of functions tp £ W 1,p (£l;M. m ) n L q (il;M. m ) , so that there is always a 
configuration with finite energy without cracks which satisfies the boundary conditions. The 
choice of the exponents is determined by l|3.11[) and (|3.18l) . 

The set AD(ip, r) of admissible deformations in with finite energy, corresponding to a 
crack T £ TZ(n B ) and to a boundary deformation i\) £ W X > V {Q.\ R m ) n L 9 (ft; R m ) , is defined 
by 

AD(i/>, r) := {u £ GSBV q p (n; R m ) : S{u) cf, u = ip W n_1 -a.e. on d D n\r} , (3.45) 

where the last equality in the previous formula refers to the traces of u and "0 on d£l 
introduced in Proposition ^. 41 

Note that if r is closed, then AD(ip,r) coincides with the space of all functions u £ 
Li{n:R m ) whose distributional gradient on fi\T belongs to LP(ft\r ; M mxn ) and which 
agree with ip on <9oil\r in the standard sense of Sobolev spaces (to prove this fact we 
can use Lemma |2. 51 and [111 Lemma 2.3]). This space is frequently used in the variational 
approach to nonlinear elasticity. Our "non-conventional" definition of AD(tJj, r) stems from 
the potential failure of the crack r to remain closed in our existence theorem. 

We assume that the boundary deformation il>(t) depends on time and that the function 
t i-> ip(t) is absolutely continuous from [0,T] into W 1 ^(Q;R m ) n L«(fi;M m ) (endowed 
with the sum of the norms), so that the time derivative t t-^ belongs to the space 

L 1 ([0,T];Fy 1 'P(O;]R m ) n£ 9 (ft;R m )) and its spatial gradient t h-> Vip(t) belongs to the 
space L 1 ([0,T]; J LP(fi;M mx ™)). 
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3.7. The admissible configurations and their total energy. An admissible configura- 
tion is a pair (it,/ 1 ), where r G 1Z(£Ib) is an admissible crack and it G GSBVP(il;M. m ) is 
a deformation with finite energy and with S(u) C r . 

For every t G [0, T] , f e 72.(Os) , and it £ AD(ip(t), r) , the ioiaZ energy of the admissible 
configuration (ti, -T) at time i is given by 

£(t)(u, r) := £ el {t){u) + K(r) , (3.46) 

where for every u G GSBV^(Q; R" 1 ) the elastic energy is defined by 

£ e '(i)(u) := W(V«) - - 0(t)(u) . (3.47) 

Note that it G W^'^O^K™) by Lemma l2~51 so that u G L r (d s n,M. m ) and £(f)(li) is well 
defined. We will sometimes write 

£(t)(u, r) := r n (it, P) - £(*)(«) , (3.48) 

where 

r) := w(Vit) + /c(r) (3.49) 

is the internal energy, while 

C{t){u) := T{t){u) + G{t)(u) (3.50) 

is the work done by the applied loads. 

There exist four constants > , af > , (3q > , and /3f > such that 

£«mv)><4(\\v«\\$ + Ml)-0$, (3-51) 

f e '(t)(w) < af(\\Vu\\P + \\u\\l + \\u\\ r rtdsn ) + Pf (3.52) 

for every t G [0,T] and for every u G GSBV? (fi; M m ) . 

To prove this fact let us fix t and it. By Lemma T2. 51 we have u G PF 1 ' p (ns,K m ), and by 
(|3~TT|) . jHIIBJ), and IpO^j) we have 

^ ei (0(«) > ^ ||Vu||J - /3 w + of ||«||« - Af - ag||«|| P , es n - ^ ■ (3-53) 

Since Q$ has a Lipschitz boundary, there exists a constant ks > 0, depending only on p, 
g, and Qs, such that 

||u||p,n s < fcs(||Vu|| p ,n s + H| g ,n s ) (3.54) 

for every u G W^fn^m™) n L«(f7 s ; M m ) . 

Using Young's inequality, it follows from (|3.31|) and (|3.54l) that there exists a constant 
A > , depending only on p , r , q, a$ , ocq , Q!q , and fig , such that 

w 

a?||«||r,8 fl n < -f-||V«|£ ns + -f IkllU + A (3.55) 

for every u G W 1,;p (fi<y;R ro ) n L«(fi s ;M m )- Therefore jT5f|l follows from l|3~53jl . with 
a £ := min{i«^, \o$ } , and #f := /3 w + #f + /3 e + A. 
By (|3~TT|) . lEUHl, and we also have 

^ (*)(«) < a™\\S7u\\; + 0" + of H« +/3f + a? ||«||^ sn + # , 

which gives with af := max{af, af , a?} and /3f := ^ + /3f + /3f . 
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3.8. Minimum energy configurations. For a given time t £ [0, T] and a given crack 
r(t) £ 1Z(£Ib), a deformation u which corresponds to static equilibrium is a critical point 
of the functional £ el (t) on the set AD(ip(t), T(t)) defined in (|3.45|) . Among such critical 
points, the minimum points of the problem 

min £ el (t)(u) (3.56) 
ueAD(i,(t),r(t)) 

play an important role and can be regarded as the most stable equilibria. We will call them 
minimum energy deformations at time t with crack r(t) . The existence of these minimizers 
is guaranteed by the following theorem, that will be proved in Section |SJ 

Theorem 3.7. For every t £ [0, T] and every r(t) 6 1Z(£Ib) the minimum problem \3. 56)) 
has a solution. 

Let u(t) be a minimum energy deformation at time t with crack r(t) £ 7Z(Qb)- For 
every v £ AD(0, T(t)) and every eel the function u(t) + ev belongs to AD(ip(t), r(t)) . 
Therefore £ el (t)(u(t)) < £ el (t)(u(t) + ev) for every eel. By taking the derivative with 
respect to e at e — , we obtain the weak formulation of the Euler equation 

(dW(Vu(t)),Vv) = (&F(t)(u(t)),v) + (dg(t)(u(t)),v) (3.57) 

for every v £ AD(0,r(t)). The critical points of the functional £ el (t) on AD{tp(t), T(t)) 
are, by definition, the solutions u(t) £ AD(ip(t), F(t)) of lj3.57|l . which turns out to be 
the equation of equilibrium with prescribed crack r(t), and coincides with the classical 
equilibrium equation considered in nonlinear elasticity when r(t) is closed. 

If r(t) £ K(TLb) and u{t) £ AD(ip(t), T(t)) is a solution of 1 (337) 1 . wc introduce the 
linear functional g{t) on GSBV${Sl\ K m ) defined by 

(g(t),v) := (0W(V«(t)), V«) - (dT(t)(u(t)),v) - (dG(t)(u(t)),v) (3.58) 
for every v £ GSBV q p {n;R m ) . By the Euler equation we have (g(t),Vi) = (g(t),v 2 ) for 
every v u v 2 £ GSBVP{Q;M. m ) with C r(t), S{v 2 ) C T(t), and m = w 2 H n ^-a.e. 

on 9i)f2\r(t), since in this case i>i — v 2 £ AD(0, T(t)) . In other words (g(t),v) depends 
only on the trace of v on d£>Sl\r(t) , provided S , (w) C r(t). 
Under suitable regularity assumptions we have 



{g(t),v)= di:W(Vu{t))vvdl-l n -\ (3.59) 

Jd D a\r{t) 

where v is the outer unit normal to d£l, so that g(t) can be identified with the function 
d^W (Vu(t))v defined on dD®\T(t) , which represents the density per unit area of the surface 
force acting on dn^\r(t) at time t. 

Returning to the general case considered at the beginning, the expression (g(t),v) can 
always be interpreted as the work done by the surface forces acting on du^i\r(t) at time t 
under the deformation v . 

In the spirit of Griffith's theory, an equilibrium configuration at time t £ [0,T] is an 
admissible configuration (u(t), r(t)) which is a "critical point", in a sense that has not yet 
been made mathematically precise, of the functional £(t)(u, r) on the set of configurations 
(u,r) with r £ H(n B ), r(t) C r, and u S AD(ip(t),r). Following [3], we will con- 
sider only minimum energy configurations at time t, which are defined as the admissible 
configurations («(*), T(f)), with f(t) £ K(Ti B ) and u(t) £ AD(ip(t), r(t)) , such that 

£(t)(u(t),r(t))<£(t)(u,r) 

for every r £ 1Z(CIb), with r(t) C r, and every u £ AD(tp(t), T) . These are regarded as 
the most stable equilibrium configurations. 

The following theorem, which will be proved in Section^ ensures that for every t £ [0, T] 
and for every i~b £ TZ(fl B ) there exists at least a minimum energy configuration (u(t), r(t)) 

such that r c r(t). 
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Theorem 3.8. Let t G [0, T] and let Jo G 72.(Ob) . J/ien the minimum problem 

mm{£(t){u,r) ■. r en{U B ), J cJ, u e AD(ip(t),r)} (3.60) 

ftas a solution. 

3.9. Quasistatic evolution. An irreversible quasistatic evolution of minimum energy con- 
figurations is a function 1 i— ► (u(t), J(i)) which satisfies the following conditions: 

(a) static equilibrium: for every i 6 [0, T] the pair (u(t), r(t)) is a minimum energy 
configuration at time t, i.e., J(i) G 72.(0^), G AD(ip(t), r(t)) , and 

f(t)(«(t),r(t)) <f(t)(«,r) 

for every J G 7^(0 B ) , with f(i) C J, and every v G AD(ip(t), T) ; 

(b) irreversibility: J(s) C J(i) for < s < t < T; 

(c) nondissipativity: the function £ i— * J£(t) := £{t){u{t) 1 r{t)) is absolutely continuous 
on [0, T) and its time derivative E(t) satisfies 

E{t) = <<?(*),#)} - F(t)(u(t)) - Q(t)(u{t)) (3.61) 
for a.e. t G [0, T] . 

Remark 3.9. To explain why condition (c) can be interpreted as the conservation of energy 
in this model, let us consider the very special case where J(t) = Jo for every t G [0, T] , 
with Jo a closed set, and the function t i— > u(t) is absolutely continuous from [0, T] into 
J ; M m )n L«(fi; R m ) (endowed with the sum of the norms). Then the time derivative 
t^u{t) belongs to the space J 1 ([0, T};W 1 - p (fl\r ; W m )(~}L q (S}; R m )) . Since u(t)-ip(t) = 
W n_1 -a.e. on d D n\r Q for every i G [0,T], we obtain that tt(i) - ip(t) = H n-1 -a.e. on 
d D n\r Q for a.e. f G [0,T], so that - ip(t) G AD(0, J ) for a.e. f G [0,T]. From the 
Euler equation l|3.57J) and from (|3.58(l we obtain (g(i),u(t)) = (g(t),ip(t)) , so that H3.61J) 
yields 

£(t) = <<?(*), u(t)> - T(t)(u(t)) - G(t)(u(t)) (3.62) 
for a.e. t 6 [0, J] . On the other hand, we have 

iHt){u{t)) = (dT(t)(u(t)),u(t))+T(t)(u(t)), (3.63) 
iQ(t)(u(t)) = (dg(t)(u(t)), u(t)> + S(t)(u(t)) (3.64) 

for a.e. t G [0, J]. This follows from our qualitative hypotheses on J 7 , J 7 , Q, Q, together 
with the estimates given by (|3~T7|) . j!HU)l . jEZD, and 

Let 

JJ m (t) :=5 iB (u(t),ro) = 5(t)(«(t),/'o)+^(t)(u(t))+C(t)(«(*)) 
be the interior energy of the solution at time t. By (|3.62(l . 1)3. 63[) . and 1)3. 64[) we have 

E m (t) = (g(t),u(t)) + (df(t)(u(t)),u(t)) + {dG(t)(u(t)),u(t)) , 

where the right hand side is the power of the exterior forces applied to the body at time t, 
including the surface forces acting on Jo (see H3.590 1. Similar results can be obtained 

under weaker regularity conditions on u(t) and J(t) . 

Remark 3.10. If 1 1— > (u(t), J(<)) is an irreversible quasistatic evolution of minimum energy 
configurations, so is 1 1— » J(t)\9jvfi) . 

Remark 3.11. In the definition of quasistatic evolution we make no measurability assump- 
tion on the function 1 1— > u(<) . However, the nondissipativity condition (c) implies that the 
function t i— ► (g(t),ip(t)) — !F(t)(u(t)) — Q(t)(u(t)) is measurable and belongs to J 1 ([0, J]) 
being the a.e. derivative of an absolutely continuous function. 
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Given an initial admissible configuration (iio, -To), we look for an irreversible quasistatic 
evolution such that (u(0), -T(O)) = (uq, To) ■ From the definition it follows that (u(0), r(0)) 
is a minimum energy configuration at time . Therefore a necessary condition for the 
solvability of the initial value problem is that (uq, -To) is a minimum energy configuration 
at time 0, i.e., T G 1Z{U B ), u G AD(ip(0),r ), and 

£(0)(uo,/o)<£(0)(u,r) (3.65) 

for every r G K(tt B ), with T C T, and every u G AD(ip(0), F) . 

The following remark shows that, if no forces are applied at time 0, then there are 
minimum energy configurations at time with an arbitrary crack Jq > provided that some 
very weak additional conditions are satisfied. 

Remark 3.12. Let m — n and let Uid{x) := x be the identical deformation, so that 
Vitid(x) is the identity matrix in M nxn . If ip(0) = m d and 

W{x,Q > W(x,Vu id (x)), 
F(0,x,z) <0 = F{0,x,u id {x)), 
G(0,x,z) < = G{0,x,u ld (x)) 

for every x G f2, z G M™ , £ G M™ x " , then no force is applied to the body at time and the 
reference configuration u- ld belongs to AD(ip(O),0) and is stress free. Moreover for every 
admissible crack r G 1Z(Qb) the configuration (ui d , r) is a minimum energy configuration 
at time . 

The main result of this paper is the following theorem, which will be proved in Section[7| 

Theorem 3.13. Let (no, -To) be a minimum energy configuration at time 0, i.e., assume 
-To G TZ(CIb) > uq G AD(tp(0), Tq) , and \3.65\) . Then there exists an irreversible quasistatic 
evolution t > (u(t), T(t)) with (w(0),r , (0)) = (uq, Fq) . 

4. A FEW TOOLS 

In this section we develop a few tools which will be very useful in the proof of Theo- 
rem Subsections 14. II and 14.21 introduce a weak notion of set convergence, which plays 
the role of Hausdorff convergence when no restriction is placed on cither dimensionality or 
connectedness. Hausdorff convergence, which was instrumental in [§] and [J], can not be 
used in the present setting for two reasons: first, H 71 ^ 1 is not lower semicontinuous with 
respect to Hausdorff convergence; then, Hausdorff convergence does not imply convergence 
of the associated minimum energy deformations. 

Subsection 14.31 establishes the weak convergence of the stresses associated to the mini- 
mum energy deformations, while Subsection 14 . 41 deals with a technical result concerning the 
approximation of Bochner integrals with Riemann sums. 

As in Section |21 let U be a bounded open set in R n and let 1 < p < +oo. 

4.1. A convergence of sets. We introduce a notion of convergence of sets based on the 
weak convergence in SBV P (U) . 

Definition 4.1. We say that r k crP -converges to r in U if F k , F C U, H n ~ l {r k ) is 
bounded uniformly with respect to k , and the following conditions are satisfied: 

(a) if Uj converges weakly to u in SBV P (U) and S(uj) C i"L for some sequence 
kj — > oo , then S(u) C r ; 

(b) there exist a function u G SBV P (U) and a sequence u k converging to u weakly in 
SBV p {U) such that S(u) = T and S(u k ) C A for every k. 
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Remark 4.2. The rectifiability of the a p -limit of any sequence of sets follows from the 
rectifiability of S(u) for any u G SBV P (U). 

It is clear from the definition that, if a sequence o~ p -converges, then every subsequence 
a p -converges to the same limit. If r k and r' k a p -converge to r and J 1 ', respectively, then 

r k C r' k for every fc =>• T C T' . 

Let us consider now the special case where = T for every k, with W n-1 (.To) < +00. 
Then it is not always true that r k er p -converges to To in {J. Indeed, using Theorem 14.71 
and Remark |2~§I we can prove that in this case cr p -converges to the set r characterized 
by the following properties: 

(a) if v G SBV p (U) and S(v) C Jo, then C T; 

(b) there exists a function u G SBV P (U) such that 5(u) = T C Jq. 
Therefore r k u p -converges to Tq in J7 if and only if 

there exists u G SBV P (U) with S» = T . (4.1) 

Note that (|4.1(l is not always true. For instance, if Tq is contained in a smooth manifold 
M of dimension n — 1, then (|4.1|) implies that there exists u G W 1 ' p (f2\M) such that 
Jo = {x G M : u~(x) 7^ u + (x)}, where u" and it + are the traces of u on both sides of M . 
If p > n, by the Sobolev embedding theorem u~ and u + are continuous on M, hence a 
set To C M which satisfies (14 . If) must be open. Using the notion of capacity associated to 
W x ' p it is possible to prove that also in the case 1 < p < n there are sets Jq C M which 
do not satisfy (|4.1I) . 

The following lower semicontinuity theorem is an easy consequence of Theorem 12 .81 

Theorem 4.3. Let k be as in Theorem \2.fil let r k , r, and r' be rectifiable subsets of U 
with H n ~ l (r') < +00, and let E be an H^ 1 -measurable set with H n - 1 (E) < +00. If r k 
a p - converges to T in U , then 

{ k(x, v) dH 71 - 1 < liminf / k(x, v k ) dU n ' x , 

J(rur>)\E k ^°° J{r k ur')\E 

where v and v k are unit normal vector fields on fUf and ^UF', respectively. 

Proof. By condition (b) there exist a function u G SBV P (U) and a sequence u k converging 
to u weakly in SBV P (U) such that S(u) = r and S(u k ) C r k for every k. The conclusion 
follows by applying Theorem 12.81 and Remark 12.101 □ 

Remark 4.4. Assume that r k a p -converges to r , then 

(a) H n - l (r) < +00 by Theorem lOl 

(b) if further, K is compact and r k C K for every fc, then f C if by (b) of Dcfini- 
tionO together with the fact that H n_1 (5(u) \ K) < liminf fc W n_1 (5(u fe ) \ K) . 

Lemma 4.5. Let r C U be a set with r H n ~ 1 (r) < +00. If there exists a sequence u 1 G 
SBV p (U) n L°°(U) such that r = U 4 S(u l ) , then there exists u G SBV P (U) n L°°(U) such 
that S(u) = r . Let r k be a sequence of subsets of U with ?i" _1 (r , fc) bounded uniformly 
with respect to k . If, in addition to the previous hypotheses, each function u l is the weak 
limit in SBV P (U) of a sequence u\ with S{u\) C r k for every k, then condition (b) of 
Definition ^. 1\ is satisfied. 

Proof. Suppose that there exists a sequence u l G SBV P (U) Pi L°°(U) such that r = 
[J i S(u l ) . It is not restrictive to assume that 

IM|oo<l, ||V M 1 || P <1. (4.2) 
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Given a sequence of real numbers c, > 0, with J2i c i < +00, we define 

00 1 
u := CiU 1 , v e := Cjti' . 
i=l i=l 

Since t/ € SBV P (U) nL°°(U) and £(t/) C T, from Theorem EH we obtain that u G 
SBV P (U) nL°°(U) and v e converges to u weakly in SBV P (U). By Remark EH we have 

s(u) c r. 

It remains to choose the sequence Cj so that J 1 C S(tt) . First of all we fix a (Borel) 
orientation of r and for every v G SBV P (U) we define the jump of v on I 1 as [k] := 
v + — v~ G L (r,Ti. n ) . We define two sequences Cj and Ej inductively. We set c\ = 1. 
Suppose that q and q_i have already been defined. We choose such that < eg < Et-\ 
(for £ = 1 we require only < e\ ) and 

U n -\{x G S(v l ) : |[i/](x)| < ei}) < 2~ l . (4.3) 

To choose ce+i , for every c > we consider the set 

A e c := {x G : + c[</ +1 ](a;) - 0} , 

as in the proof of (141 Lemma 3.1]. The family (A e c ) c>Q is composed of pairwise disjoint 
subsets of S(v e ). As K 7l-1 (5(r/)) < +00, we have that H n ~ 1 (A e c ) = except for a 
countable number of c. We choose q+i such that < q+i < e^ 1 ^ 1 and W 1-1 ^* ) = 
0. Since S{v l + c l+1 u l+1 ) U A £ Cg+i = S(v e ) U 5(u £+1 ) , we have 

= S(v e + c e+1 u f+1 ) = S(v e ) U S(u l+1 ) . 

We deduce by induction that 

e. 

S{v l ) = |J S(u*) (4.4) 

i=l 

for every I. Let 

00 

E t := {x G S(u') : | [7/] | < e t ] and := Q Ek . 

i=e 

By (jOJ) we have H n ~ 1 {E t ) < 2~ e , hence W™" 1 ^) < 
Let us prove that 

C S(u) U £ £ . (4.5) 

Indeed, if x G S(v e )\Ee, then |[i/](a;)| > ££. On the other hand, for H n ~ 1 -a..e. iffwe 
have 

00 

[«](a:) = [« < ](a;)+ ^ c *M(z), 

hence 

00 

IM(a:)|>e/-| £ qM(x)| . (4.6) 

Since |[u'](x)| < 1 for W n_1 -a.e. x & T we have 

00 00 00 

i=l+l i=i+\ i=i+l 

and we deduce from 14. 6[) that [u](x) ^ 0, hence x G S(u) for H n ~ 1 -a,.e. x G S(v e )\Eg. 
We conclude that (|4.5|) is satisfied. By (|4.4|) and l|4.5|l we obtain that 

k 
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for every k > I. Taking the union with respect to k we get r C S(u) U Fg, which implies 
W"" 1 (r\5(w)) < By the arbitrariness of I we obtain T C S(u). 

Under the additional hypotheses of the second part of the lemma we may assume that 

KIU<1, ||V4|| P <1. (4.7) 

and we define 

l oo 

v k ■= ClU k ' Uk := ° iU k ■ 

»=1 i=l 

Since u£ 6 SBV P (U) r\L°°{U) and S'(uf) C A, from Theorem O we obtain that u k G 
SBV P (U)P\L°°(U) and converges to u k weakly in SBV P (U) as ^ — * oo and uj, converges 
to u weakly in SBV P (U) as k — > oo. By Remark 12.91 we have S(uk) C A for every fc. □ 

Proposition 4.6. Assume that r k a p -converges to T in U and that u k converges to u 
weakly in GSBV P {U; R m ) . If S(u k ) C T fc for every k, then S{u) C F. 

Proo/. Assume that S(u k ) C A for every k. Let ^ G C c °°(R m ;R m ) with i/jj(z) = z for 
\z\ < 3- Then ip 3 (u k ) converges to ipj(u) weakly in SBV P (U\ R m ) . Since S(ipj(uk)) C 
S(uk) C Jfc , if we apply condition (a) of Definition 14.11 to each component we obtain 
S(tjjj(u)) C r . The conclusion follows from the fact that S{u) = (J ■ S(ipj(u)). □ 

4.2. Compactness properties. We now prove some compactness properties of the a p - 
convergence. 

Theorem 4.7. Every sequence 7\ C E/, mi/i W n uniformly bounded, has a a p -con- 

vergent subsequence. 

Proof. Let be a sequence of subsets of U with H n ~ 1 (rk) < C < +oo for every fc. Let 
w/j be a sequence in L°°(U) with the following density property: for every to G L°°{U) 
there exists a subsequence u;^ which converges to w strongly in L P (U) and satisfies the 
inequality HiUfcJIoo < II'HIqo for every i. For every positive integers £, h, and k let u k ' be 
the solution of the following minimization problem 

min{||Vu||£ + £\\u - w h \\ p : u G SBV P (U), S(u) C T fe } . 

To prove the existence of a solution it is enough to apply Theorem 12 . 21 and Remark 12.91 to a 
minimizing sequence; the uniqueness follows from the strict convexity of the functional. By 
a truncation argument we obtain lu^Hoo < ||u>/i||oo- By Theorem 12.21 and by a diagonal 
argument, passing to a subsequence, we may assume that Uu converges weakly in SBV P (U) 
to a function u e < h G SBV P {U) as k -> oo. Let 

OO 

r-.= (J ■ 

To prove that W~ 1 (.r) < +oo, for every integer r > we consider the sequence i>£ := 
( u k h )i<f ,h<r and the function v r := (w^' l )i<£./ l < r . As vj[ converges to w r weakly in 
SBV p (U;M rxr ) we have 

r 

7i n ~ 1 { I J S(t/<' 1 )) = W n - X (SK)) < liminf H"- 1 (S'(^)) = 
e,h=i 

T 

= liminfW n-1 ( I J < lim inf H n ' 1 (r k ) <C. 

k — >oo ^-^ k — >oo 

Passing to the limit as r — > oo we obtain 7i" _1 (_T) < C . 

We want to prove that J/. a p -converges to J 1 . By construction r satisfies all hypotheses 
of Lemma 14. 51 which implies that condition (b) of Definition 14. II is satisfied. 



22 



GIANNI DAL MASO, GILLES A. FRANCFORT, AND RODICA TOADER 



To prove condition (a) let Vj be a sequence which converges weakly in SBV P (U) to 
a function v, and with S(vj) C A- for some sequence kj — > oo. We have to show that 
S(v) C -T . By the density property of there exists a subsequence Wh t which converges to 
v in L P (U) and such that ||iOfc 4 ||oo < IMIoo < +00. Let £{ — ► 00 such that ^Hu;^ — u||| — * 0. 
From the minimality of u£' h% we obtain || , u fc i .'' i * ||oo < ||^/ii||oo < IMIoo and 

liv^f 1^ + 1 - «%JS < liv« 3 -n*+4ih - w hi r P - 

Passing to the limit as j — > 00 we get ||?/ i '' ii [|oo < IMI°o and 

||Vt/^ HI + 4||tt*- h « - w hi HI < M + - jflfc, ||| , (4.8) 

where M := supj ||Vfj||| < +00. This inequality implies that Vu li ' hi is bounded in 
L p (U;M. n ) uniformly with respect to i and that u *' * — Wh t tends to in L P (U). Since 
Whi converge to v in L P (U), we conclude that u £i,hi converge to v in L P (U). We now 
apply Remark 12. 91 to the sequence u li ' hi and conclude that S(v) C T . □ 

We shall use the following extension of the compactness theorem, that can be proved by 
adapting the arguments of Helly's theorem. 

Theorem 4.8. Let t 1— ► be a sequence of increasing set functions defined on an interval 

I C R with values contained in U , i.e., 

-Tfc(s) C -Tfe(t) C U for every s, t £ / with s <t. 

Assume that the measures TC n ~ 1 (-Tfc(i)) are bounded uniformly with respect to k and t. 
Then there exist a subsequence TV. and an increasing set function t t— * r(t) on I such that 

Zfe (t) a p -converges to r(t) in U (4-9) 

for every t E I . 

Proof. Let D be a countable dense set in / . Using Theorem 14.71 and a diagonal argument 
we can extract a subsequence iV. such that TV (i) c p -converges to some set r(t) in [/ for 
every t e D. From Remark IO we have f(s) C r(i) for every s, i € D with s <. t. By 
Theorem 14.31 the measures H. n ~ 1 (r(t)) are bounded uniformly with respect to t E D. For 
every t E I\D we define 

r_(i):= (J r(s), r + (t)-.= f| r( s ). 

s<(,s€B s>t,s£D 

Then -T + (s) C -T-(£) C / + for every s, i £ 7\D with s < t, and the measures 
?i n are bounded uniformly with respect to t £ I\D. This implies that the set 

£>i := {t £ J\Z> : TT-HA-WX^-C*)) > °) is at most countable. 

For every i £ I\(D U D x ) we define := /+(*) = F_(t) . Given * £ I\(D U Dj.) , let 
us prove that /V. (i) cr p -converges to F(t). If converges weakly to u in SBV P (U) and 
S(ui) C Zfc-.(t) for some sequence j'j — > 00, then S(ui) C /^.(s) for every s > t, s E D; 
by <t p -convergence, this implies 5*(u) C r(s), and taking the intersection for s > t, s E D, 
we obtain C -T+(t) = -T (i), so that condition (a) of Definition 14. II is satisfied. 

To prove condition (b), we observe that for every s < t, s E D there exists a function 
u(s) E SBV P (U) and a sequence ttfc(s) converging to u(s) weakly in SBV P (U) such that 
S(u(s)) = r{s) and S(u k (s)) C r fcj . (s) C r fej (t) . Condition (b) of Definition O follows 
now from Lemma 14.51 

Since the set D\ is at most countable, using Theorem 14 . 71 and a diagonal argument it is 
possible to extract a further subsequence, still denoted /V , such that Ifc.(t) a p -converges 
to some set r(t) for every t £ D\. This concludes the proof of 14.9(1 for every t £ J. The 
monotonicity of i 1— » .T(t) on / follows from Remark l4.2l □ 
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4.3. Some results in measure theory. We begin with a lemma concerning perturbations 
of bounded sequences in LP spaces. 

Lemma 4.9. Let (X,A,/J,) be a finite measure space, let p > 1, let m, n > 1, and let 
H : Jxl" — > M. m be a Caratheodory function. Assume that there exist a constant a > 
and a nonnegative function b £ LP (X) , with p' = p/(p — 1) , such that 

\H(x,0\ < aiel"- 1 + (4.10) 

for every (x,£) G Xxl™. Let $fc and ty k be two sequences in L p (X;M. n ) . Assume that Q k 
is bounded in L P (JT;R™) and ^ k converges to strongly in L p (X]R n ) . Then 



[H{x,$ k (x) + V k {x))-H(x,$ k (x))}$(x)dii(x)^0 (4.11) 
for every <f> G L P (X; R m ) . 

Proof. There exists a constant C > such that 

||*k|| P <C and \\<5> k + *k\\ P <C (4.12) 

for every k. Let us fix <£> G L P (X; W n ) . By the absolute continuity of the integral, for every 
e > there exists S > such that 



A6.4, /i(A)<J => / |$(x)| p d/i(a;) < e p . (4.13) 

JA 

Let us fix M > such that 

2C P /M p < (4.14) 

For every x £ X and ?/ > let 

w(x, V ):=max{\H(x,Z 1 )-Hix,b)\:\Z 1 \<M, |&| < M, |&-&|<tj}. (4.15) 

Since if is a Caratheodory function and satisfies (|4.10|) , it turns out that a; is a Caratheodory 
function, lu(x.O) = 0, and 

< w(x, n) < 2aM p - 1 + 2b(x) 

for every x G X and every ?y > 0. As $! k converges to strongly in L p (X;M. n ) and 
Lo(x.n) — > as 77 — > , we have 

w(a; s |tffc(a;)|)|*(aO|d/i(a;) -»0. (4.16) 

A 

Let 

4:={xel: |$ fe (.x) + > M} U {x £ X : \<f> k (x)\ > M} , (4.17) 

B k :={xeX: \<f> k {x) + 9 k (x)\ < M} fl {x £ I : |$ fe (x)| < M} . (4.18) 
By (|4.10jl we have 

$ fc (a;) + * fc (a;)) - fffo * fc (a;))| < a|$ fc (x) + fiWP' 1 + a|$ fc (a;)| p - 1 + 26(1) (4.19) 
for every x £ A k . By l|4.15|l and (|4.18|) we have 

l-H"(ar, * k (x) + 9 k (x)) - H(x, $ k (x))\ < u{x, \* k {x)\) (4.20) 
for every x G -Bfc • Using the Holder inequality, from (|4.19|l and l|4.20|l we obtain 

/ \H(x, $ k (x) + * fc (x)) - fl-(as, $ fc (.x))| |$(a;)| dfi(x) < (4.21) 
<#(/" \<S>(x)\ p dn{x)y + f Lj(x,\^ k {x)\)mx)\dfM(x), 



where if := 2{aC p - 1 + \\b\\ p >) . 
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By Chebyshev's inequality, $~Tty and lUTfjl imply fi(A k ) < 2C' P /M P , and thus, by 
(|4.14|) . (J,(Ak) < 5. Therefore, from (|4.ia|) and l|4.21|) we deduce that 

\H(x, $ fc (as) + ¥ k (x)) - iJ(ar, $ fc (a:))| |$(x)| d/i(a;) < 
<Ks+ f w(x,\* k (x)\)\$(x)\dii(x). 



Jx 

Taking (|4.16(l into account, we obtain (|4. 1 1|> upon passing to the limit in the previous 
inequality first as k — > oo and then as e — > . □ 

Remark 4.10. Let (X, A, fj) be a finite nonatomic measure space, let p > 1, let m, n > 1, 
and let AxK™ — > R m be a Caratheodory function. Assume that the function x i— > 
is /i-integrable for every $ G LP(X;K n ) and * G L p (X;]R m ). Then, 
the function x i-> belongs to L*>'(X;]R m ) for every $ G i p (X;M n ), and this 

implies (14.10(1 by a classical result in the theory of integral operators (see ^Hl Theorem 2.3 
in Chapter I]). 

In particular, the conclusion of Lemma f4. 91 still holds. 

Let U and W be as in Theorem 12.81 Assume in addition that £ i— > W(x, £) belongs to 
C 1 (M mxn ) for every x G {/. Since £ t— > W(x, £) is rank-one convex on M mxn for every 
x E U (see, e.g., jHJ), from l|2.5(l we can deduce that there exist a constant a 2 > and a 
nonnegative function 62 E L p (U) such that 

|^W(as,0l <a2|£r X +&2(a;) (4.22) 

for every {x,£) £ UxM mxn . 

Let us consider the C 1 functional W: L p (U;M mxn ) -> M defined by 



W($) := / VK(x,$(a;))dx 
whose differential dW: L p (U;M mxn ) -► i p '(C/; M mx ") is given by 

(dW($),#) = / 9 s W(a; ! $(a;))*(a;)rfa;, 



for every $, \fr G L P (U; M mx ") , where (■, •) denotes the duality pairing between the spaces 
L p '(U;M mxn ) and D>(U; M mxn ) . 

Lemma 4.11. Assume that u k converges to u weakly in GSBV P {U ; R m ) and that W(VitA;) 
converges to W(Vu) . Then dW(Vuk) converges to dW{Vu) weakly in L p (U;M mxn ) . 

Proof. It is enough to prove that 

(aW(Vit), *) < liminf (dW(Vu k ), *) (4.23) 

— >oo 

for every W G L P (U; M mx ") . Let rji be a sequence of positive numbers converging to 0. 
If we apply the lower semicontinuity theorem for GSBV (Theorem 12. 8f) to the function 
W(x, £ + rii^(x)) , for every i we obtain 

w(Vu + 7^) - w{Vu) < Hm . nf w(Vu fc + gjg) - w(v Mfc ) 24 

Therefore there exists an increasing sequence of integers fcj such that 

w(vu + 77^) - w(vu) _ 1 < w(Vu fe + ^g) - w(v Ufc ) 25 

for every k > k{. Defining e k :— rji for fcj < k < fej+i , from l|4.25jl we obtain 

lim . nf w(v u + efc tt)-w(v u ) < liminf W(V Ufc + e ^)-W(Vu fc ) 
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Since W is of class C 1 on D>(U; M mxn ) , we have 



{ aw(vu), *> = n m mv« + e ^)-w ( v u ) 



and 

W(V Ufe + £ fc *)-W(V Ufe ) 



= {9W(V^+T t $),*) (4.28) 



for suitable constants £ [0, ej.] . By (|4.22() and by Lemma f4. 91 we have 

liminf (dW(X7u k + r fe *), *) = liminf (dW(Vu k ), *> . (4.29) 

k — >oc k — >oo 

Inequality follows now from □ 

If is strictly convex, using [21 Theorem 2] one can prove that Vttfe converges in 
measure to Vw on U . By l|4.22|l this implies that dW(Vuk) converges to dW(Vu) weakly 
in LP (U; M mx ") . We refer to [5] for similar results with p = 1. 

4.4. Approximation by Riemann sums. We now prove a lemma concerning the approxi- 
mation of Lebesgue integrals by Riemann sums. The convergence result (I4.34|) is well-known 
(see 53)- For the application we have in mind we need the stronger result Ij4.33|) . that is 
related to the Saks-Henstock lemma (see [231 an d QHl) used in the theory of Henstock- 
Kurzweil integral (see, e.g., |S]). We prefer to present an independent proof, based on |12l 
page 63], which only uses Fubini's theorem. 

Lemma 4.12. Let [a,b] be a closed bounded interval, let X be a Banach space, and let 
f: [a, b] — > X be a Bochner integrable function. Then there exists a sequence of subdivisions 
(tk)o<i<i k of the interval [a,b], with 

a = tl<t\<---<tl*- 1 <e* =b, (4.30) 
lim max - fr 1 ) = , (4.31) 

k — >oo Ki<ik 



such that 



In particular we have 



lim J2 P 11/(4) - f(t)\\ dt =0. (4.32) 



k 

i=l 



E II (4 - 4~ 1 )/(4) - /** /(*) * — , (4.33) 



E(4-4 _1 )/(4) — / f(t)dt strongly in X (4.34) 



tt 1 



as k — > oo . 



Proof. We extend / to outside [a, b]. Set, for every m > 1 and i € Z, r*, := i/m. For 
every s G [0, 1] we have 



E f m \\f(s+Ti n )-f(t)\\dt= 

E Wf{ S + r l m )-f{s + rl n -r)\\dT. 
^ Jo 
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Note that there are at most m(b — a + 1) + 2 non-zero elements in the above sums, namely 
those with i 6 I m := {i G Z : m{a — 1) < i < mb + 1}. Integrating with respect to s we 
obtain 



^ E 



E 



H/(* + r^)-/(t)|[dt 



||/( S + r4)-/( S + ri-T)||rf S 



(4.35) 



\f(s)-f(s-r)\\ds 



dr. 



By continuity of the translations, for every s > there exists S > such that 

\\f(s)-f(s-r)\\ds<s 
for < t < S. Thus, from (|4.35|) and H4.36j) we obtain 



(4.36) 



lim 



!!/(* + <) -/(*)||dt 



rfs = . 



Therefore there exists a sequence m k — * oo such that 



lim > / 



11/(5- 



f(t)\\dt = 



(4.37) 



for a.e. s G [0, 1] . Let us fix s S [0, 1] such that H4.37(l holds. Let p k be the largest integer 
i such that s + r* nfc < a, and let a k be the smallest integer i such that s + T % mk > b, and 
let ik := a k - p k . For i = 1, 

4* := Then (jOtl)) and (|OT)l are satisfied. Moreover 



ik — 1 we define ijj, := s + and we set t a k := a and 



E / \\M)-m\\dt 
i=i 

£ / - 

b 



ll/(* + r* )-/(*) || dt + 



(4.38) 



\\f(a k )-f(t)\\dt- 



11/(6) -/(*)ll* : 



where a k '■= s + t^ +1 and b k := s + rZ, k 1 . Since all integers between p k + 2 and a k — 1 
belong to I mk , the first term in the right hand side of (|4.38|l tends to by (|4.37|) . The 
second term is estimated by 



||/(ojk)-/(t)||*< 



S + T„ 



s+r„ 



\\f(s + TZ +1 )-f(t)\\dt 



which also tends to by l|4.37|l . The third term tends to by the absolute continuity of the 
integral, since b — b k tends to by the choice of a k ■ This concludes the proof of (|4.32l) . □ 

Remark 4.13. If Xj is a sequence of Banach spaces and fj : [a,b] — > Xj is a sequence 
of Bochner integrable function, then there exists a sequence of subdivisions {t k )o<i<i k , 
independent of j and satisfying l|4.30(l and H4.31(l , such that (|4.32|1 is satisfied simultaneously 
for each function fj . Indeed, we can consider the Banach space X of all sequences x :— 
(xj) such that Xj G Xj for every j and Y] j ||xj||xj < +oo, endowed with the norm 
\\ x \\x := J2j \\ x j\\xj ■ To obtain the result it is enough to apply Lemma r4.12l to the function 



QUASISTATIC CRACK GROWTH IN FINITE ELASTICITY 



27 



g: [a,b] -»I whose components gj are given by gj(t) := 2 ■* fj(t)/\\fj\\i , where := 
/all/i(*)l|x,dt. 

5. PRELIMINARY RESULTS 

We now return to the framework described in Section 03 and adapt to it the tools de- 
veloped in Section 0] Moreover, we extend the jump transfer results of ^1] to the space 
GSBV(Cl\ K m ) , and use them to prove the stability of minimum energy configurations (see 
Subsection 13.8(1 . 

5.1. Jump transfer. To deal with the interaction between cracks and boundary defor- 
mations it is convenient to extend all deformations to a bounded open set Slo j containing 
Q and with Lipschitz boundary. When we speak of a p -convergence we always refer to 
a p -convergence in Qq . 

For every rectifiable set r C K ra we define 

r N -.= rud N n. (5.1) 

From 1(3.3(1 we obtain that 

K,(r N ) = K(r) (5.2) 

for every rectifiable set r C K™ . Theorem 14 . 31 implies that 

ic(r u r') < iim inf K( r k u r') (5.3) 

k — >oo 

whenever J", and J" are rectifiable sets in fi, 7^ a p -converges to r , and T-L n ~ l {T') < 
+00 . 

From (141 Theorem 2.1] we shall obtain the following result. 

Theorem 5.1 (Jump transfer in SBV). Assume that Tk G TZ(Qb) an d that a p -con- 
verges to r. Then for every function v G SBV p (Qo; M m ) there exists a sequence Vk G 
SBV p (n -R m ) such that 

(a) Vk = v a.e. in Qq\£Ib > 

(b) Vk — > v strongly in L 1 (r2 ;K m ), 

(c) Vv k -> Vu strongly in L p (n ;M mxn ) , 

(d) H- 1 ((5K)\rf)\(^)\r^))->o. 

If, in addition, v G L°°(ilo; K m ) , i/ien we may assume that v k is bounded in L°°(Qq; W 71 ) . 

To prove Theorem 15.11 we need the following lemma. 

Lemma 5.2. Assume that /\. G TZ{^Ib) and that F^ o~ p -converges to T . Then there exist 
a function w G SBV p (£Iq) and a sequence Wk converging to w weakly in SBV p (Qq) such 
that S(w) = r\dNQ and S(wk) C A for every k. 

Proof. Let ^ G C°°(R n ) with ip^x) = 1 if dist(x, d N fl) > l/i, and ip^x) = in a 
neighbourhood of 9jyO. From condition (b) in Definition 14.11 there exist a function v G 
SBV p (flo) and a sequence Vk converging to v weakly in SBV p (tto) such that S(v) = T 
and S(vk) C for every k. Let v i :— ipiv and vj, := (fiVk- Then vi converges to 
v i weakly in SBV p (n ), S{v\) C r fe , and T\d N n = {JiS{v l ). As H n - l {r) < +00 by 
Remark ^31 (a), the conclusion follows from Lemma l4~5l □ 

Proof of Theorem \5.1\ By assumption we have T^ C r2sU9yv^ for every A;. As f^Ud/vf} is 
closed, we deduce that r C OsUSjvfi- By Lemma l5~2*l there exist a function u> G 5.BV p (f2o) 
and a sequence Wk converging to w weakly in SBV p (Qo) such that S(w) = T\8n^ C 
and S(u)fe) C T fc C H s for every k. Let us fix v = (v 1 , . . .,v m ) G SW p (f7 ; R m ) • If we 
apply 14, Theorem 2.1] to each component v % of v, with fl — ils , f2' = Oq, Uk = Wk, and 
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u = w , we construct a sequence Vk = [v]., . . . , v™) G SBV p (Slo', R m ) which satisfies (a), (b), 
(c), and 

H"- 1 ((5(4)\SW)\(SK)\%))) - 
for i = 1, . . . , m. By monotonicity this implies 

w"- 1 ((S(4)\r fe )\( ( 9( w i )\(r\a iV n)) - o . 

As (5(^)\rf)\(S(^)\r^) c (5(4)\A)\(S(^)\(r\9 w n)), we obtain 

r- 1 ((SK)\/ 1 f)\W\r iV ))-o. (5.4) 

Since S(v k ) = [j t S(v{) and S(v) = (J< S^) , we have 

m 

(5K)\rf)\(5( v )\r Ar ) c U((SK)\^)\W)\0), 

i=l 

so that (d) follows from l|5.4|l . 

If, in addition, v G L°°(ft ;R m ), we can replace v k by <p(v k ), where ^ € Cft(R w ;R m ) 
satisfies <p(z) = z for \z\ < ||f||oo- The new sequence <p(vk) is bounded in L°°(f2o;R m ) and 
continues to satisfy (a)-(d). □ 

The following theorem extends the result of Theorem l5.1l to the case of GSBV functions. 

Theorem 5.3 (Jump transfer in GSBV). Assume that r k 6 1Z(£Ib) and that r k a p - 
converges to r . Then for every function v G GSBV p (flo;W n ) there exists a sequence 
v k eGSBVP(n ;R m ) such that 

(a) Vk — v a.e. in flo\riB , 

(b) v k -»• v strongly in L 9 (fi ; K m ) , 

(c) Vv k -> Vu strongly m L p (n ;M mxn ) , 

(d) H- 1 ((^K)\rf)\(^)\r w ))^o. 

Proof. Since f2o\^B has a Lipschitz boundary, by Proposition 12 . 41 for ?i n-1 -a.e. a; £ 
there exists Vb(x) G R m such that 

vb{x) :— aplim v(y) . (5-5) 

y^x, y0l B 

For every integer z > 1 let 

S % := {x e dfl B : \v B (x)\ > i} . (5.6) 

Then 

n n -\Si) -> 0. (5.7) 
Let </? £ Cg(M m ;M m ) be a function such that <£>(z) = z for z| < 1, and let (fi(z) := 
iip(z/i). Then </?j G C*(R m ; R m ) , (/?i(z) = z for |z < i, and |Vy>j| < C for some con- 
stant independent of i. Since v G G5BF p (ilo; K m ) , the functions v l := (fi(v) belong to 
SBV p (n ] R m ) n i°°(fi ; R m ) . 

By Theorem l5.1l for every i there exists a sequence v\ G S'-BV^fJo; R m ) such that v l k = v l 
a.e. in Q a \^B, v l k -> w l strongly in L«(!l ;l ra ), Vu| -> W strongly in £ p (ft ; M mx ") , 
and 7~t n ~ 1 {{S{v k )\r k N )\{S(v l )\r N )) — » 0. Therefore there exists an increasing sequence of 
integers fej such that 

K-« i ||,<l/< (5.8) 
||V4-V^|| p <l/i (5.9) 

n n -H(S(v i k )\r k ^)\(s(v i )\r N )) < i/i (5.10) 

for every k > fcj . 

For ki < k < ki + i define := u£ a.e. on f2s, and v k := u a.e. on Then 
w fc G GSBVP(n ;«. m ) and condition (a) is satisfied. 
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As |yJi(z)| < C\z\ for every i and z, the sequence v l converges to v in L q (Q ',^- m ) ■ 
Since Vi> 8 = V<pi(v)Vv , the sequence Vv l converges to Vw strongly in L p (£lo; M mxrl ) . 
Therefore (b) and (c) follow from Ij5.8(l and Ij5.9jl . 

For k t <k < k l+ i let x <E <9£l B \(S(i4) U Si) such that (|5~5|) holds. As x € dCl B \Si, it is 
easy to deduce from <|5.5[l that 

u B (a;) = aplim v l (y) = aplim v\(y) . (5-11) 

Since a; ^ 5(^4) i the approximate limit of v k at x exists, so that we must have 

v B (x) := aplim_ v\(y) . (5.12) 

y^a:, j/GSIb 

By the definition of Wfc , from l|5.5|) and l|5.12[l we deduce that 

v B (x) := aplim w fc (?/) , 

hence x ^ S(v k ) ■ 

This shows that dttsVS'K) U Si) C dn B \S(v k ) , which implies 5^) n <9fi B C (S(vl) n 
dO^US*. Since %)nO B = S^nOs, we conclude that S , (u fe )nn B C (S(v k )riQ B )USi. 
Recalling that S^v 1 ) C we obtain 

[(5K)\rf)\(5(«)\r w )]nn B c [((S(v k )\r k N )\(s^)\r N ))u s. t ]nn B . (5.13) 

On the other hand, S(v k )\Q B C 5(u)\0 B and ff \fi B = d^^Hs = r N \U B by 
Remark fOl fb). so that 

[(5( Wfc )\rf)\(5(«)\r JV )]\o B = 0. (5.14) 

From (15.13|) and (|5.14[> we deduce that 

(S(v k )\r»)\(S(v)\r N ) c ((^K)\rf )\(5(^)\r JV ))u5, 

for fcj < k < fcj+i . Therefore (d) follows from (|5.7|l and (|5.10() . □ 
Remark 5.4. Condition (d) of Theorem l5.3l together with (|3.3() and l|3.5|) . implies that 

hm /c((5K)\rf)\(5( w )\r w )) = o, 

AC — >00 

hence 

limsup£(S(u fe )\rf ) < fC(S(v)\r N ) . 

k — >oo 

5.2. Convergence of minima. We begin by proving the existence Theorems 13 . 71 and 13.81 

Proof of Theorem \3.7\ Let us fix t £ [0, T], let us extend ip(t) to a function ipo(t) G 
iy 1 -' , (no;l m ) n L 9 (ft ;R'"), and let u k be a minimizing sequence of problem l|335|) . We 
extend also to tto by setting Ufc := iJjo(t) a.e. on fio\^- The extended functions belong 
to GSBV q p (n ;W n ) and satisfy S(u k ) C by Proposition |2~1 and by the definition of 

S(u k ). Since £ el {t) (ip(t)) < +oo by (|3~52l) . the infimum in (|3~5H|l is finite. By {S3) there 
exists a constant C > such that 

l|V« fc ||J itl0 + ||u fc ||« Oo < C (5.15) 

for every k. By Theorem 12 . 71 there exists a subsequence, still denoted u k , which converges 
weakly in GSBV p (n ;R m ) to a function u. Since u = ip Q (t) a.e. on n \n and S(u) C T(i) Ar 
by Remark EH 

we conclude that it E AD(ip(t), r(t)). 
By (f?T%|) in Theorem Ol we have 

W(Vu) < liminf W(Vufc) . (5.16) 

Bv Lemmal2~5lthe functions u fc and u belong to W l ' p (Sl S ', R m ) ni 9 (O s ; M m ) . By 
and i|5.15[l the sequence Ufc is bounded in W 1,p (f2s; R m ) , so it converges to u weakly in 
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W l p (fls; K n ) • From the compactness of the trace operator we deduce that u k converges to 
u strongly in L r (9s^;R m ), and by the continuity of Q(t) we get 

g(t)(u) = lim g{t){u k ). (5.17) 

k — >oo 

From l|3.15|l . I|5.16j) . and l|5.17|l we obtain 

E e \t){u) < liminf £ el (t)(u k ) . 

k — >oo 

Since u G AD(ip(t), r(t)) and u k is a minimizing sequence, we conclude that it is a minimum 
point of □ 

Proof of Theorem \3.£\ Let us fix t G [0,T] and T G H(£Ib), and let (u k ,T k ) be a mini- 
mizing sequence of problem (|3.6UI) with T C A C f^s for every k . We extend u k to fi by 
setting Uk ■= il>a(t) a.e. on f2o\^j where V'o(i) is the function introduced at the beginning of 
the proof of Theorem l3.7l Note that these extensions belong to GSBV p (flo; M. m ) and satisfy 
S(uk) C by Proposition 12 .41 and by the definition of S(v,k). Since £(t)(ip(t), T ) < +00 
by H3.52|l . the infimum in H3.60[l is finite. By H3.fl[) and H3.51[l there exists a constant C > 
such that 

l|V^||^,n + INII*n„ + n n -\r k N ) < C (5.18) 
for every fc . By Theorem l2 . 7l there exists a subsequence, still denoted by u k , which converges 
weakly in GSBV p (VLq\ K m ) to a function it which satisfies u = ^o(i) a.e. on f2o\f2. 

By Theorem l4 . 71 there exists a subsequence, still denoted r k , such that a p -converges 
to a set r* . Since rj? C U djvfi and i9atS1 is closed, we deduce, thanks to Remark 14.41 
(b), that r* C fis U^Arfi. By Proposition 14.61 we have S(u) C J 1 *. Since M = ipo(t) a.e. 
on r2o \ SI we deduce that the traces of u and ip(t) coincide H n ~ 1 -a.e. on dil\T* . Let 
r := r*\d N n. Then T G ft(n B ) and u g AD(^Q), r), be cause d D n \r = d D fl\r* . 

Arguing as in the proof of Theorem 13.71 we obtain (|5.16(l and Ij5.17|l . By Ij5.2jl and (|5.3|l 
we have also 

K{r U T ) = K{r* U r ) < liminf /C(rf U r ) = liminf /C(A) . (5.19) 

By (|5~T5|) . J5TBJ), (|5~T7|) . and (|5~T5I) we have 

£ (t)(u, r U r ) < liminf £(t)(u fc) A) . 

Since J 1 U Jo G 1Z(Q,b) and u G AD(ip(t), J 1 U To) , our assumption on (u^, J\) implies that 
(u, r U Jo) is a minimum point of l|3.60[) . □ 

We now prove the stability of minimizers with respect to the o~ p -convergence. 

Theorem 5.5. Let t k G [0,T] and J/. G 7£(fi B ) . Assume that t k — > £oo J^jf c p - 
converges to J 1 ^ , and define J^o := J 1 ^ \ (Jjyfi . -For every k let u k G AD(ijj(tk), Jfe) 6e a 
function such that 

£(tk)(u k ,r k )<£(tk)(v,r) (5.20) 

/or every J 1 G 7£(f2 B ), wrat/i J& C J 7 , and every v G AD(ip(tk), T) . Then G 7?.(r2 B ) cw*d 

i/iere exist a subsequence of u k , not relabelled, and a function Uoo G AD^ip^oo), J'oo) sucra 
t/iat 

u fc Uoo weaA% m GSW p (ft;R m ) , (5.21) 
u fe Moo weaA% m J^(ft;R m ) , (5.22) 
Mfe -► Moo strongly in L«(f7;R m ) , (5.23) 
u fc -> Uoo strongly in 77(<9sft; tt m ) , (5.24) 
Vufc Vuoo weafc/u m L p (fl;M mxn ) . (5.25) 
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Moreover 



£(too) ("00, Ao) < £(too)(v,r) 
for every r G 1Z(VLb) , with C f , and every v G AD(ip(too), r) . Finally 



(5.26) 



W{Vu k ) -> W(V Moo ) , 

G{tk){u k ) -* ^(too)(Woo) • 



(5.27) 
(5.28) 
(5.29) 



Proof. Taking F := T k and v — tf;(t k ) in (|5.2Q(I we obtain 

£{tk)(u k ,r k ) <s(t k )(i>(t k ),r k ). 

By JSSJl and (|3~52l) we have 



£ A) < of (||v^(* fc )[[5 + \m k )\\ q q + \m k )\\r,d S n) + ^n n - 1 {r k )+^ 1 , 



so that £(t k )(u k , r k ) is bounded uniformly with respect to k (recall that Tt n 1 (r k N ) is 
bounded by the definition of the a p -convergence) . By 1(3.6(1 and ((3.51(1 there exists a constant 
C > such that 



for every k . 

Using an extension operator it is possible to construct an absolutely continuous function 
t 1 — ► ip (t) from [0,T] into W hp {fl ; R m ) nL9(O ;t m ) such that tp (t) = ip(t) a.e. in 
17 for every i. Then we extend u k to ilo by setting u k := ipo(t k ) a.e. on r2o\fi. The 
extended functions belong to G5Bl^(fi ; R m ) and satisfy S^fe) C fjf by Proposition |2~1 
and by the definition of S(u k ). By ((5.30(1 and by Theorem 12 . 71 there exists a subsequence, 
still denoted by u kl which converges to a function weakly in GSBV p (Hq; R m ) and 
weakly in L q (fl ;R m ) . Since ipo(t k ) converges to Vo(*oo) hi M /1:P (ri ; ]R m ) we conclude 
that Moo = ^o(*oo) a.e. on fi \^- By Proposition 14.61 we have S(uoo) C f^,, hence the 
traces of Uoo and V(^oo) agree H n_1 -a.e. on 9f2\r , ( J ) . 

Since C f2s U 9jv^ and d^fi is closed, we deduce that C Qb U and by Re- 
markE3(a) we have W 1-1 ^) < +00, therefore r m 6 and Uoo G AD^oo), f^) 

because do^XFoo = Sof^T^. 

Properties (|5.21(l and 1(5.22(1 have already been proved, and ((5.25(1 is a consequence of 
((5.21(1 . Since q < q, property 1(5.23(1 follows from the fact that u k converges to Uoo pointwise 
a.e. on f2, and that u k is bounded in L 9 (fi;R m ) by l|5.22|l . 

By Lemma |2~B1 the functions u k and Uoo belong to W 1 ' p {Q. s ;W n ) n L«(n s ; R m ) . By 
(13.54(1 and ((5. 30(1 the sequence u k is bounded in W 1,p (Cls', R m ) , so it converges to Uoo 
weakly in W 1 ' p (Qs;W n ) . Property 1(5.24(1 follows from the fact that the trace operator is 
compact from W^ p (n s ;K m ) into L r (d s rt;R m ). 

To prove (|5~2T)jl . we fix T G n(U B ) with ^ C f . Given v G AD(V>(*°o)> -H , we extend 
v by setting v := V>o(ioo) a.e. on f2o\f2, and define w := v — V'o(ioo) a.e. on Qq. 

Since (r^) N — , by the Jump Transfer Theorem 15.31 there exists a sequence w k G 
GSBV p (n ;R m ) such that w k = w a.e. in fl \Q B , w k -> w strongly in L?(ft ;R m ), 

Vw fc -> Vw strongly in L P (Q ; M mxn ) , H™- 1 ^^^ )\(S(w)\r£)) -> 0, and S(tu fc ) C 



Let u fc := w fe +^o(tfc). Then v fc G G5W(Qo;i ra ), Wfe = Vo(tfe) a.e. in ft \fi, 
V k -» « strongly in L«(ft ;R m ), Vw fc -» Vw strongly in LP(f7 ; M mx ") , ^™- 1 ((S'(w fc )\rf )\ 
(S(v)\r^)) — > 0, and 5(wfc) CligU By Lemma 1231 the functions and u belong 

to W^^R" 1 ) and by (jTBljl w fc converges to v strongly in W 1 > p (tt s ;W n ) . We conclude 
by 1(3.31(1 that v k converges to v strongly in L r (ds^i; R™ 1 ) ■ 

Let r' k := r k U (S(v k )\d N Q). As S(v k )\d N n C n B \aAr^, we have G ^(H s ). Since 
S(v k ) nfi C T^, S'(ufe) n3i)fi C r^, and w fc = V'o(^fe) a.e. on f2 \fi, by Proposition^. 41 and 



(5.30) 



n B ud N n. 
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by the definition of S(vk) we have v k 6 AD(ip(t k ), r' k ) . By the minimality condition 15.20f) 
we have 

w{vu k ) + K{r k ) - T{t k )( Uk ) ~ g(t k )( Uk ) < 

< w(vv k ) + ic{r' k ) - T{t k ){ Vk ) - g(t k ){ Vk ) , 

which implies 

W{Vu k ) - T(t k )(u k ) - g{t k ){u k ) < (5.31) 
< W(\7v k ) + K(S(v k )\r?) - Htk)(v k ) - G(t k )(v k ) . 
By (EHJ in Theorem EH we have 

W(V Uoo ) < liminf W(Vw fc ) . (5.32) 

k — >oo 

Since Vv k converges to Vv strongly in L p (Oo; M mx ") , by the continuity of W we have 

W(Vv) = lim W(Vwfc) . (5.33) 

k — ►oo 

By (j3~H)|) and (j!HUj) we have 

\T(t k )(u k ) - ^(too)(«*)| < J t " |^(s)K)l ds < jf * (of (s)\\u k \\i + /3f («)) , (5.34) 

\Htk)(v k )-Htoc)(v k )\< \Hs){vk)\ds< {a^{s)\\v k \\i+^{s))ds. (5.35) 

As itfe converges to Uoo strongly in L'(fi;R m ) by 15.23J1 . using (|3.15(1 and (|5.34(1 we obtain 

^ 7 (*oo)(Moo) > limsup .F^ocXwfc) = limsup T(t k )(u k ) . (5.36) 

— >oo k — >oo 

As ^(too) is continuous in L q (n;M. m ) and v k converges to Uqo strongly in L q (£l;W. m ) , using 
(|5.35|) we obtain 

F(t oc )(v)= lim ^(toc)K)= lim T(t k ){v k ). (5.37) 

k—>-oo k^oo 

In the same way we prove that 

<?(£oc)(woo) > limsup G(too)(uk) = limsup Q{t k ){u k ) , (5.38) 

g{too){v)= lim 0(too)(tfc)= lim g{t k ){v k ) . (5.39) 

A;— >oo fc— >oo 

From |E23), and f5~5£|) we obtain 

W(VWoo) - .F(too)Ko) - £(ioo)(Woc) < (5.40) 

< liminf [W(Vu k ) - ^(t fe )K) - g{t k ){u k )} . 
From Remark IB~4l and from Ij5.33jl . I|5.37(l . and 1(5. 39j) we obtain 

limsup [W(V« fc ) + K(S(v k )\r? ) - ^(tjOfrfc) - 0(t fc )(«*)] < (5.41) 

< W(V«) + K(S(v)\r£) - Htoo)(v) - g(too)(«) ■ 

By (|OT|) . (ODJ, and {S"^ we have 

W(VMoo) - ^(toojfttoo) - 6^oo)(Woc) < (5.42) 

< w(v») + K{s{v)\r£) - Htoo){v) - g(too)(v) . 

As 5(u) Cf N ,we have K(S(v)\r£) < K,{r N \r£) = JC^r^) , so that inequality i5~4ll> 
implies (15.26(1 . 

Taking u := itoo, from l(5.31|l and (|5.41(1 we obtain 

limsup [W(Vufe) - F{t k ){u k ) - g(t k )(u k )] < 

k — +oo 

< W(VUoo) - ^(iooXUoo) - 0(too)(Uoo) ■ 
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This inequality, together with JEHJ), and gives {£23, and (|5^|) . □ 



5.3. Convergence of Riemann sums. To prove Theorem 13.131 we need to approximate 
the time integrals of J-(t)(u) and Q{t){u) by Riemann sums, uniformly when u varies in a 
compact set. As usual, if / is a measurable function defined a.e. on [0, T] , the same symbol 
/ denotes its extension by to [0, T] . We begin by the following remark. 

Remark 5.6. Let V be a countable dense subset of W 1 * (0;K m ) n L«(ft;R m ). By Re- 
mark l4~T3l for every t G (0, T] there exists a sequence of subdivisions (s l k )o<i<i k , with 



4 < 4 < 



< s 



ik — 1 



< S, 



lim max (s^ — s 



such that 



lim £|(4-4 _1 )^(4)W- r ^(*)(«)d« 
l™ E|(4-4 _1 )^(4)(«)- P e(«)(u)d« 



= 0, 



= 



(5.43) 
(5.44) 



(5.45) 
(5.46) 



for every u G V . 



Lemma 5.7. Let < 6 (0, T] , Zei V be a countable dense subset of R m ) nL«(fi; M m ) , 

and let (s\)o<i<i h be a sequence of subdivisions satisfying [5.43{} - \5.46\) for every u G V. 
Assume that 



I _ f 3 ' k 

lim ^ (4 - - / p(s) ds 



= 



(5.47) 



whenever ip is any one of the four functions , 0± , af , and (3f which appear in \3.21)) 
and fOTp . TTien 



lim £ sup (4 - 4- 1 )^(4)(t 
/or every compact subset Ti of L q (Q;M. m ) , and 

hm £ sup (4 - 4- 1 )^(4)(^ 



^"(s)(u) G?S 



t/(s)(w) (is 



(5.48) 



(5.49) 



for every compact subset Ti of L r (dsfl; M. m ) . 

Proof. Let us fix a compact subset Ti of L'(f2;R m ) and let 

M := max{||u||q : u G Ti} + 1 . 

For every e G (0, 1) there exists a finite number ui, u/, 6 V, with ||Uj||g < M , such 
that for every u £ Ti. there exists j with ||u — Uj\\q < e. Therefore for every u G Ti and 
every s G [0,i] there exists Vj(s) G L9(fi;R m ), with ||t>j(s)||<j < M, such that 

\F(s)(u)-F(s)( Uj )\ < KdfWvjWw-u)]. 

By (|3.21|) this implies that 

\Hs){u) - T{s)(u 3 )\ < e (of (s)M«- 1 + flf (s)) (5.50) 
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for every s £ [0, t] . Consequently 



This yields 



Therefore 



(4-4 -1 )^(4)K>- /. Hs)(n)ds 



< 



< 

(4 - 4~W4)(«j) - L 

+ e (4 - 4" 1 ) (of (4)M*- 1 + flf (4)) + 
(af(s)M^ 1 +/3f(a))ds. 



sup ^(*)(u)d8 



< 



< E K4 - 4 _1 )^(4)K-) - / H*yvj)ds 

3=1 Js l 

+ e (4 - 4- 1 ) (af (4)M«- X + 0f (4)) + 



(af^M^ 1 +/3f(s))ds 



£ sup (4-4~W4)(«)- P 
^ EE I (4 - 4~W4)K-) - /"l 

j=l i=l ^4 

+ e £(4 - 4" 1 ) («f (4)^ _1 + /?f (4)) + 

i=l 

+ e / (af(s)M«- 1 +/3f(s))ds. 
Jo 

By (|5.45|) and l|5.47j) we have 

.... . 
limsup } sup (4 - 4 _1 )-^"( s fe)( u ) ~ / F(s)(u)ds 
^ -en Jsl- 1 

<2e f (af (s)M' _1 + flf (s)) ds , 



< 



and taking the limit as e — > we obtain l|5.48|l . 
The proof of (|5.49() is similar. 



□ 



6. THE DISCRETE-TIME PROBLEMS 

Theorem 13.1 31 will be proved by time discretization. In this section we study the discrete- 
time problems and prove a fundamental energy estimate, which will be crucial in the proof of 
the nondissipativity condition for the solution of the continuous-time quasistatic evolution 
(condition (c) in Subsection l3.9(l . 
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Let us fix a sequence of subdivisions (i^,)o<i<fc of the interval [0, T] , with 

= t° k <tl<---<t k k - 1 <t k k =T, (6.1) 
lim max(4-4- 1 )=0. (6.2) 

k — >oo 1<2<A; 

For i — 1 , . . . , k we set 

Let (uo, / o) be an initial configuration that satisfies the minimality property (|3.65|) . For 
every k we define u\ and F k by induction. We set (u9, _T°) := (uo, -To) , and for i = 1, . . . , k 
we define (u l k , r^) as a solution of the problem 

mm{£i(u,r): ren(n B ), /f'cr, u e AD(4,r)}. (6.4) 

The existence of a solution to this problem is proved in Theorem 13. 81 Note that 

£i(ulrl)<£t(u,r) (6.5) 

for every T G TZ(U B ) , with ^cl 1 and every u G AD{i[) l k , f) . 

Since ^ e AD^ir- 1 ), by EH we have £: e <(i l fe )K) + /C(r*) < ^K^H^r*- 1 ), 
which gives ^ eZ (*fe)( u fe) < f e ' • By $TZfy this implies 

^(4)(4) < ofdlV^HJ + II^IH + ll^HUn) + # . 
so that by l|3.51|l there exists a constant C > such that 

||V4|| P <C, Kll«<^, Kll 9 <c (6.6) 

for every k and i. Bv Lemma l2~5l the functions u| belong to W /1 ' p (fJ s ;R ro ') nL 9 (O s ;R ro ). 
Therefore (|3.55|) implies that, if we change the constant, we may assume also that 



4llr,8 s n < C (6.7) 



for every fc and i . 

For every i G [0, T] we define 



F k {t):=F k g k (t):=Gi:=g(ti), £ k {t) := £\ := £ (f£) , 



(6.8) 



where i is the largest integer such that t k < t. Note that Ufe(t) = u k (r k (t)) and = 
r k {T k (t)). By and we have 

||Vu fc (t)|| p <Cr, ||« fc (t)|| 4 <C, H(t)|| g <C, ||ttfc(t)|| riSs n <C, (6.9) 

for every k and every i 6 [0, T] . 

We introduce now a sequence of functions which play an important role in our estimates. 
For a.c. t G [0, T] we set 

e k (t) -.= (flw(v« fc (t)), v^(t)> - (0^*(t)(ti*(*)),#)) - 1Q 
-^)KW)-(%WKW)>(t))-5(t)KW). 

The main result of this section is the energy estimate given by the following lemma. 
Lemma 6.1. There exists a sequence R k — > such that 

£ k (t)(u k (t),r k (t))<£(o)(u ,r )+ e k ( s )ds + R k (6.11) 

Jo 

for every k and every t G [0, T] . 



36 



GIANNI DAL MASO, GILLES A. FRANCFORT, AND RODICA TOADER 



Proof. We have to prove that there exists a sequence R k —> such that 

4(4, r k ) < £(o)(u , r ) + f " e k (s) d s + n k (6.12) 



for every k and for every i = 1, . . . , k. 

Let us fix j and k with 1 < j < k. Since u 3 k ~ + i>\ — 4 k ~ X S AD(ipl, T^ 1 ) , by the 
minimality condition (|6.4() we have 

4(4, n) < si^+^-^^r 1 ) (6.i3) 

We now estimate £{(u k ~ l + tp k — ip k ~ , r k ~ ) in terms of £ k ~ (n^T , r k ~~ ). 

Let us consider first W(4 _1 + V'fe — ) ■ There exists a constant /9]L G [0, 1] such that 



w^r 1 + ^4 - v^r 1 ) - w^r 1 ) = 



where (■,•) denotes the duality pairing between L p (fl;M mxn ) and LP(fl;M mxn ). Let us 
consider the piecewise constant function * fe G L°°([0, T];L P (Q; M mxn )) defined by 



*k(«) := /4 W fe " V^ 1 ) = ^ / *" W(r) dr for if 1 < a < t{ . (6.15) 

Since s i-> V^(s) belongs to L 1 ([0, T]; 1^(0; M" iX ™)) , by the absolute continuity of the 
integral we have that 

||*fc(s)|| P -> uniformly with respect to s G [0,T] . (6.16) 

Therefore by (H3 we may assume that ||Vufc(s) + \E , / C (s)j| p < C + 1 for every s G [0, T] . 
From (|6.14(l and Ij6.15|l we obtain 

w^uir 1 + v^i - vv-r 1 ) - w(v w r 1 ) = 

(6.17) 



Let us consider now ^(ujT 1 + ify — ipl' 1 )- There exists a constant <j{ G [0, 1] such that 

rtwir 1 +4- 4' 1 ) -Hwir 1 ) = PrtK- 1 + 4(4 - 4~%4 - 4' 1 ) > (e-is) 

where (■, ■) denotes now the duality pairing between L q (17; W m ) and L q (il;W m ) . Let us 
consider the piecewise constant function <p k G L°°([Q, T]; L q (Vt\ M. m )) defined by 

Ms) := 4(4 ~ 4^) = 4 / 4r) dr for i? k ~ l < s < t{ . (6.19) 

Since s \— » ^(s) belongs to L 1 ([0, T]; L 9 (f2; R" 1 )) , by the absolute continuity of the integral 
we have that 

II V^fc ( s ) 1 1 <? — * uniformly with respect to s £ [0, T] . (6.20) 

Therefore by (|6.9() we may assume that ||uft(s) + y>fc(s)||g < C + 1 for every s G [0, T] . 
From (|6.18|) and l|6.19(> we obtain 

H(4~ 1 +4-4' 1 )-H(4~ 1 ) = 

r*L . (6.21) 

(DT{(u k (s) + tp k (s)),tl}(s)} ds . 
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By (|3.17() for every s £ [tfT ,i? k ) we have 

{df{a){uk{s) + (pk(s)),ip(s)) da , 
(0J»(u fc (a)), ^(a)> - (a^-^UfcW), ^(s)> = f (dt(*)(u k (s)), iP(s)) da , 

By (I3.21|l this implies that for every s € [tj. - , ti) 

<^(^ fc ( S ) + ¥ , fe ( S )),V ) ( S )) - <a^-( S )(^ fc ( S ) +^ fe (s)),^( S ))| < TrilV'Cs)!^ , (6.22) 
K^(*)K(a)) J ^(a)>-<^fc(a)(«fc(a)),^(*)}|<7fll^(*)||i J (6-23) 

where 

7f := max f " (af (s)(C + l)^ 1 + /?f (s)) . 
i<i<fe_y 4 i-i 

By the absolute continuity of the integral we have 

Tf-0, (6.24) 

and by l|6.21|l and (|6.22() we have 

^i(4- 1 +V4-^- 1 )-^K" 1 )> 
>/ <0^(s)(u fc («) +¥>*(«)), ^(*)> <k --yf / ||^(a)|| 4 ds. (6.25) 

Since by (|3~TH|l 

^K" i )-^" i («* _i )= r ^)K"Vs= r ^)K(«))^. (6.26) 

k k 

from (|6.25(1 and l|6.26|) we obtain 

> / {dF(s)(u k (s)+<f k (s)),ij(s))ds+ (6.27) 

Finally, let us consider QtiujT + V'ju — V'fc" 1 )- The same arguments used for J 7 ^ show 
that there exist a sequence 7^ of real numbers, with 

7?->0, (6.28) 

and a sequence Cfc £ L°°([0, T}; L r (d s Cl; M m )) , with 

||Cfe( s )llr,9 s n — > uniformly with respect to s 6 [0, T] , (6.29) 

such that 



\(dg( s )(u k ( s ))^( s )) - (a&( s )K( s ))>( s )}| < 7?ll^(*)llr,s fl n 



(6.30) 



38 GIANNI DAL MASO, GILLES A. FRANCFORT, AND RODICA TOADER 

and 

> / (dg(s)(u k (s) + <: k (s)),^(s))ds+ (6.31) 
Jit 1 

+ / g(s)(v,k(s))ds - 7? \\ip(s)\\r,a s nds. 
By (f6~T3f . |6~T7| . (j6~2T)l . and (j?HT|) we have 

^(*4.^)-^" 1 («i _1 .^" 1 )< 

< / (0W(Vu*(a) + **(*)), W(«)><is- 

A 

(d^(s){u k (s) + ip k (s)),i;(s)}ds- F{s)(u k {s))ds- (6.32) 

•'4 ' 

(dg(s){u k (s) + Ck(s)),ip(s)) ds - / g(s)(u k (s))ds + 

J A- 1 

+7/f / lh£(*)lla*» + Tf / ||^(«)||r,s s ndfl. 
Let us fix now i with 1 < i < k . By summing for j = 1, . . . , i we obtain 

4(ulrt)-£(o)(u ,r )< 

/•** 

< \ (dW(Vu k {s) + V k (s)),Vi>(s))ds- 
Jo 

k (dT(s){u k ( S ) + p k (s))^(s))ds- f ' F{s){u k {s)) ds - (6.33) 

Jo 

" (dg{s)(u k {s) + Ck{a))Ms)) ds - f " g(s)(u k {s)) ds + 







+ % / H{s)\Uds + ^ / ||^(s)||r,8 s nda. 
Jo Jo 

Using Lemma Ol from i|3~5)l. (|3~TUI) . JO), and ijfTTBj) for a.e. s 6 [0,T] we obtain 

(aW(V Ut (s) + **(«)), V^(a)> - (aW(Vu fc (a)), W>(s)) -» , 

and by l|3.12|l and (|6.9jl we have 

|<0W(Vu fc («) V^(a)) - (dW(Vu fc (s)),V^(s))| < 
<2«(C+l)f- 1 +/3 2 w )||V^( S )|| p . 

Assh VV»(s) belongs to L 1 ([0, T]; £ p (0; M mxn )) , we deduce that 

T 

K0W(Vtt fc (s) + ¥*(*)), W>(s)) - (dW(Vu k (s)), Vip(s))\ds -» . (6.34) 
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By (|3.14|l and Remark 14.101 we can apply Lemma [4.91 Therefore from (|6.9|) and 16.20fl 
for a.e. s 6 [0, T] we obtain 

and by l|3.19fl and (|6.9[) we have 

| (dF(s)(u k (s) + Ms)), Ms)) - (dF(s)(u k (s)), i>(s))\ < 
<2(af(C + l)^ 1 +/5f)||^( S )|| 9 . 

Assm t{j(s) belongs to L 1 ([0, T];L q (il; R m )) , we deduce that 

/ \{dF{s)(u k {s) + Ms)),^{s))-{dF(s)(u k {s)),iP{s))\ds^O. (6.35) 
Jo 

Finally, by (|3.3U|) and Remark I4.1UI we can apply Lemma T4 . 91 again . Therefore from (|(j.9fl 
and l|6.29fl for a.e. s <E [0, T] we obtain 

(dg(s)(u k (s) + ( k (s)),i>( s )) - (dg( S )(u k ( S )),TP(s)) 0, 

and by H3.35[l and (|6.9(l we have 

\(dg( s )(u k ( s ) + Ck(s)),Hs)) - (dg( s )(u k ( s ))J( s ))\ < 

<2(a s 2 (C+iy- 1 +f3l)U(s)\\ r , ds n. 
As s i-> ip(s) belongs to L 1 ([0, T};L r (d.s^\ M m )) , we deduce that 

/ \(dg(s)(u k (s) + Ck(s))J(s)) - (dg(s)(u k (s)),i;(s))\ds -» . (6.36) 
Jo 

Let 

R k := [ \(dW(Vu k ( S ) + V k (s)),V^{s)}-(dW(Vu k (s)),ViP{s)}\ds + 
Jo 

+ [ \(dF(s)(u k (s)+Ms)),^(s))-(dF(s)(u k (s)),iP(s))\ds + 
Jo 

+ [ \(dF(s)(u k (s))^(s))-(dF k (s)(u k (s)),iP(s))\ds+ (6.37) 
Jo 

+ f T \(dg(s)(u k (s) + ( k (s)),i>(s)) - (dg(s)(u k (s)),i;( S )}\ds + 
Jo 

+ I \(dg(s)(u k (s)),iP(s)) - (dg k (s)(u k (s)),4>(s))\ds + 
Jo 

+ lk H{s)\Uds+7% \\lp(s)\\ r 

Jo Jo 

Then R k -» by |6~2l, (|6~2l|) . (|6~2^|) . if^TSOj) . EMJ, lf^755j) . and (E2J). Inequality (IHTT^t 
follows from l(6*35)> and (|B37|) . □ 

Remark 6.2. By l (3~T2) l. ijTT^I . (|3~2UI) . [(5351) . 1 (535) 1 . and lEU), the integral term in lETT!?)) is 

bounded uniformly with respect to k and i , therefore the same property holds for £l(u k , rj,) . 
By (I3.6|l . (|3.46|l . and (|3.51() . this implies that there exists a constant M > such that 

H n-1 (A(*)) <M (6.38) 
for every i e [0,T] and every fc, where is defined in l|6.8|l . 
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Remark 6.3. Wc notice that the integral which appears in (|6.12() can be written as a sum 
which involves T{t) , Q(t), tp(t) only at the discrete times t = t J k . Indeed we have 



J ° 3 = 1 



E <pH~\<~% 4 - tir 1 ) - E PkK -1 ) - ^ 

3=1 3=1 



■3-l( n ,3-l 



3=1 3=1 

for every k and for every i = 1, . . . , k . 

7. PROOF OF THE MAIN RESULT 
We are now in a position to prove the main result of the paper. 

Proof of Theorem VJ.l'A Let us fix a sequence of subdivisions {t\)o<i<k of the interval [0, T] 
satisfying (|6.1() and l|6.2l) . and let (uq, Jo) be an initial configuration satisfying the minimal- 
ity property (|3.65|) . For every k let (u k , F£) , i = 1, . . . , fc be defined inductively as solutions 
of the discrete problems l|6.4(l . with (u k ,r k ) := (u ,r ), and let T k {t) , u k {t), r k (t), 2~k(t) , 
Gk(t) , £k{t) be defined by l|f).8JI . By l|6.38|l and Theorem 14 . 81 there exist a subsequence, still 
denoted T k , and an increasing set function t \— > r*(t) , such that 

rf(i) cr p -converges to r*{t) (7.1) 

for every t G [0,T], where (<) := A(i) U djvft, according to (JO). Since (t) C 
fi_B U(9jvr2 and is closed, we deduce, thanks to Remark fOl fb'). that r*(t) C f2_BU$jv^ 
for every t € [0, T] . Let -T : [0, T] — * 1Z(Qb) be the increasing set function defined by 

r(t):=r*{t)\d N tt (7.2) 

By (I5.2|l and (|5.3|) for every t G [0, T] we have 

fc(r(t)) = fC(r*(t)) < liminf /C(rf (t)) = liminf )C(r k (t)) . (7.3) 

— >00 — >00 

For a.e. t G [0, T] we set 

Mi) :=limsup^(t), (7.4) 

A;— s-oo 

where fc is defined by (Q5J . By 1(315)1 . |3~2t)f . (E33>, and JEU we have 

< (a^C^ 1 + /3 2 W )||V^)|| P + (afC^ 1 + /3f ) U{t)\\ q + 

+ of (t)C' + /3f (*) + (of C- 1 + /3f ) ||#)|| r ,8 s n + a G 3 (t)C r + 0$ (t) . 

As the right hand side of this inequality belongs to L 1 ([0,T]), the function 9oo belongs to 
L 1 ([0,T]) and, by the Fatou lemma, 

rr h (t) rt 

limsup / 9 k (s)ds< / ^oo(s) ds . (7-6) 
fc^oo Jo Jo 

For every t G [0, T] can extract a subsequence (9^. of , depending on t, such that 

^(t) := lim 6 k At). (7.7) 

By <|6.5[1 and (|7.1() we can apply Theorem 15.51 to r kj (t) , r kj (t) , and u kj (t) . Therefore 
there exist a further subsequence, still denoted u k , , and a function u(t) in AD(ijj(t), F(t)) 
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such that 

u kj (t) -± u(t) weakly in GSBV p (n ; W n ) , (7.8) 

u kj (f) -± u(t) weakly in M m ) , (7.9) 

u kj (t) -> u(t) strongly in R m ) , (7.10) 

-> u(t) strongly in 77(<9 s fJ; R m ) , (7.11) 

Vw fcj (t) Vu(i) weakly in L p (fi;M mXn ) . (7.12) 

Moreover 

g(t)(«(t),r(t))<f(t)(»,r) (7.13) 

for every f e ft (Tig), with r(i) C T, and every w £ AD(ip(t), r) . This proves that 
£ i ► (u(t),r(t)) satisfies properties (a) and (b) of the definition of quasistatic evolution 
(Subsection E3J). 

By (|7.9|> — (|7.12|> there exists a constant C > such that 

||Vu(t)|| p <C, \\u(t)\U<C, \\u(t)\\ q <C, |Kt)|| r ,e s n<C (7.14) 

for every t £ [0, T] . 

Finally Theorem 15 . 51 implies that 

W(Vu fcj (t))->W(Vu(t)), (7.15) 

^(t)K,(*))^^M)). (7-16) 

^WKWl-^WKO)- (7.17) 

Using Lemma f4. Ill from (|7.8|l and (|7.15(1 . we obtain 

{d\V{Vu k] (*)), V^(*)> -> (0W(Vu(t)), V#)) . (7.18) 
By (|7.10l) the sequence d z F(t,x,u kj (t)) converges to d z F(t,x,u(t)) in measure on Q, By 
lEEISt and O it is bounded in l/(ft;R m ). Therefore d z F(t,x,u k] (t)) converges to 
d z F(t,x,u(t)) weakly in R m ), and consequently by ^Tg| 

{dF(t){u kj (<)), i&(f)> - (0^(t)(u(t)), i&(f)> , (7.19) 

so that by H6.23j) and (|6.24f) we obtain 

(aF fc ,(i)K. (*)),#)) <a^(t)(«(t)),^(t)) . (7.20) 

Observing that .F(t) is continuous on L^(f2;IR m ), while (?£?(£) and Q(t) are continuous on 
£ r (9 s fi;R m ), by (fTTTj|) and j£TJ we have 

F(t)(u kj (t)) ^ F(t)(u(t)) , (7.21) 

<00(t)(ufc, (*)),#)) - (dG(t)(u(t))^j(t)) , (7.22) 

0(*)K(*)) -£(*)(«(*))> (7-23) 
so that by l|6.28|) and (|6.3()|l we obtain 

(%,(i)K-W)iW) - (dg{t){u{t))Mt)) ■ (7.24) 

For a.e. t £ [0, T] we set 

0(t) := (0W(Vu(f)), V#)) - (d?(t)(u(t)),i>(t)) - 

- m(u(t)) - (dG(t)(u(t)), i:{t)) - g(t)(u(t)) = (7.25) 
= (g(t),iP(t))-T(t)(u(t))-G(t)(u(t)), 

where t?(i) is defined by From jOIty . (|77|) . fT7T5| >. (£2QJ, fT2TT> . (|7~23|) . and fT^Ijl 

we obtain 

9oo(t) = 6(t) (7.26) 

for a.e. i £ [0, T] . 
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By (E3 and (fTTTSft - (fTTTTft we have 

£{t){u(t),r{t)) < liminf £ kj {t){u kj {t),r k {t)) < lira sup £ k (t) (tt fc (t), r fc (t)) . (7.27) 

From (fBTTTft . lf?l)j) . and (j7~2"oT) we obtain 

Kmsup 8 k (t)(u k (t),r k (t)) < £(0)(u , r ) + [ 9{s)ds. (7.28) 

k— »oo JO 

By (|7~27jl and f7~2"5)) we have 

£{t)(u(t),r(t))<£{0)(u o ,r o )+ f d(s)ds. (7.29) 

Jo 

To conclude the proof of the theorem it is enough to show that 

£(t)(u(t),r(t)) > £(0)(u , r ) + / 0(s) ds . (7.30) 



for every t £ [0, T] . Indeed (|7~2"§|) and (fT^Hjl imply that t i-> E(i) := £(t)(u(t), T(t)) is 
absolutely continuous in [0, T] and that E(t) = 9(t) for a.c. t £ [0, T] . By ifT^jl this yields 
condition (c) of the definition of quasistatic evolution (Subsection 13.9(1 . □ 

In order to prove (|7.30() we need the following lemma. 

Lemma 7.1. Assume that 1 \— * (u(t), T(t)) satisfies conditions (a) and (b) in the definition 
of quasistatic evolution f Subsection I.V.flp . Let t £ [0, T] and let s k be a subdivision of [0,t] 
satisfying \5.4^ md \5.4<$ - Then there exists a sequence S k (t) — » such that 



£(t)(u(t),r(t))>£(0)(u ,r ) + J2 / (aw(v«(ai)),v^(a))ds- 

"E ['\(0r(»l)(M)),4{a))ds-Y t f\ Hs)[u[s k ))ds- (7.31) 

-E r(^(4)K4))>M>^-E r^)W4))^-s fc (t). 

Proof. The minimality property in condition (a) gives £{t)(u(t), r(t)) < £(t)(ijj(t), T(t)) , 
hence £ el {t)(u{t)) < £ el (t){ijj(t)) . By jSISH> and [j333)l . this implies that there exists a 
constant C > such that 

||Vu(t)|| p <C, |Kt)|| 4 <C, ||u(f)||,<C (7.32) 

for every t £ [0,T]. Bv Lemnral2~51the functions u(t) belong to W^ P {Q, S ; W n )^L q {VL s - W n ) . 
Therefore (|3.55|) implies that, if we change the constant, we may assume also that 

||u(t)||r,a,n<C (7.33) 

for every t £ [0, T] . 

For every k let a k : (0, t] —> (0, t] be the piecewise constant function defined by 

a k (s) = si for s 1 - 1 < s < s l k , 

and let v k ■ (0, t] — > GS'-BV^fJ; M m ) be the piecewise constant function defined by 

Wfc(a) := u(4) = for a*" 1 < s < s* . (7.34) 

For every i = l,...,i k we have u(4) --0(4) + V'fafc -1 ) e ^(^(^fe -1 )' -^(4)) and 
r(s l k ~ 1 ) C ^"(sl)- By the minimality property in condition (a) we have 

£(4 _1 ) W4 _1 )> ^(4 -1 )) < f (4 _1 )(«(4) - <K4) + ^(C 1 ), n4)) ■ (7.35) 
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Arguing as in the proof of (|6.33() we obtain that there exist two sequences 6£ and 8l of 
real numbers, with 

<*f->0, ^->0, (7.36) 

and three sequences X k G L°°([0, T]; L p (0; M mxn )) , Xfc 6 i°°([0, T]; L«(f2; M ro )) , and % G 
L°°([0,r];i r (a5r2;]R m )), with 

ll^"fc( s )llp + IIXfe( s )llg + \\Vk(s)\\rM s n -> uniformly with respect to s G [0,T] , (7.37) 
such that 

£(t)(u(t),r(t))-£(o)(uo,r ) > 



> / (dW(Vv k (s) + X k (s)),Vip(s)} ds 



(d^(a k (s))(v k (s)+Xk(s))^(s))ds- / ^(»)(« fc («))dfl 



(7.38) 



)\\qds-6f / ||^(s)[| n a s nds. 



Let 



«(<):= / |(aW(V^(s)+X jb ( S )),V^(s))-(9W(Vv fc (s)),V^(s)}| 
Jo 



\(dF(a k (s))(v k (s)+ X k(s)),i>(s)) - (df(* k (s))(v k (s)),ip(s))\ds+ (7.39) 



+ / \(dg(a k (s))(v k (s)+ Vk (s))J(s))-(dg(a k (s))(v k (s))J(s))\ds- 



+ € / ||^(a)lli<fa + <5? / ll^00llr,e s nds. 
Jo Jo 

Using Lemma 14.91 as in the last part of the proof of Lemma 16.11 from (|7.36(l and l|7.37|l we 
obtain that S k (t) -> 0. Inequality (j7~3T|) follows from and a 

Proof of Theorem \3.1!A continued. Let us fix t G (0, T]. By Lemmas 14 . 1 21 and 15.71 and Re- 
marks and there exists a subdivision s| of [0, t] , satisfying (|5.43|) . 15.44|l . (|5.48(l . 
and l|5.49|l . such that 



1™ 

i=l 

1™ E||(4-4 _1 )v^(4) 

fc— >oc * — ' II 

lira £||(4-4" 1 )^(4) 

2=1 

t lim E||(4-4" 1 W4)- 



6(s) ds 

-1 
k 

Vip(s) ds 

-1 

tp(s) ds 
ijj(s) ds 



= 0, 



= 0, 



= 0, 



= 0. 



(7.40) 
(7.41) 
(7.42) 
(7.43) 



Let 



H:={ue GSBV q p (n;R m ) : S(u) C ft" -1 (£(«)) < M, ||Vu|| p < C, ||u||, < C} 
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where M and C are the constants which appear in (|6.38() and 17.32fl . Arguing as in Theo- 
rem 15.51 it is easy to prove that H is compact in L^(£l;IR m ) and in L r (ds^; M. m ) . 
Let 



w*(t) := J2 5W(Vu(4)) (4 ~ - / W>(4 

+ £|to4)(«(4)) (4 - 4 _1 )^(4) - P i>(s)d s 

+ £ sup (4-4- 1 )^(4)(n)- P ^( a )(tO<fo 



(7.44) 



£||s£?(4)(«(4)) 



(4-4^(4) 



ip(s) ds 



£ sup (4 - 4- x )<7(4) («) - / 0(*)(«)<fo +5*(t) 



i=l 



where Sk(i) is given by Lemma ITU By (|3~T2"j> . (|3~T1) . 0351) . J732), and (|775Sf > the terms 
||dW(Vu(4))|| p -, ||^(4)(u(4))|| g /, and ||0a(4)(«(4))lka s n are bounded uniformly 
with respect to fe and i. Therefore, using (|5.48|) . (|5.49(l . (f7.41|) — (|7.43^ . and Lemma ITU we 
obtain 

lim uj k {t) = 0. (7.45) 

k—*OG 

By and (|7~32|) we have u(4) G H for every A: and i. Taking (|7~2l)|) and (|7~4Ul into 

account, the estimate from below in Lemma 17. II gives 



e(t){u{t), r(t)) > £{Q)(u , r ) + £(4 - 4" 1 )0(4) - w k {t) 



(7.46) 



i=i 



Passing to the limit as k — » oo, by (|7.40|) we obtain H7.30|l . which, together with (|7.25|l and 
(|7.29|) . yields condition (c) in the definition of quasistatic evolution. □ 



8. CONVERGENCE OF THE DISCRETE-TIME PROBLEMS 

In this section we show that for every t G [0, T] the elastic energies and the crack energies 
of the solutions to the discrete-time problems converge to the corresponding energies for the 
continuous-time problem. Note that this result can be proved even if the minimum energy 
deformations corresponding to a crack r(t) are not unique, but that it only holds for the 
discretizations that produce a given crack r(t) . 

Let t\ be as in Sectional let (ito,-To) be an initial configuration that satisfies the min- 
imality property l|3.65[) . and let {u\,r£) be the solutions of the minimum problems l|6.4l) . 
with (Ufc,-T°) := (ito,-To). Let , uj, , Jfc , Ft, Gk> an d £k be the piecewise constant 
functions introduced in (|6.8(l . and let £% : [0,T] — > R be the piecewise constant function 
defined by 

E^(t):=S el (ti)=£ el (r k (t)), (8.1) 
where i is the largest integer such that tl < t. 

Theorem 8.1. Let t i— > r(t)) be a quasistatic evolution, let 9k be defined by \b\l(ty . 

and let 

9(t) := (0W(V«(f)),V#)) - <0^(i)M*)),#)) - 

-^(*)(«(t)) - (W)M*))>#)> -£(*)(*(*))• (8 ' 2) 
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Assume that r k (t) and r(t) satisfy [7.1]) and \7.ify for every t £ [0, T] . Then 

£ el (t)(v(t))=\im £ e k l (t)(u k (t)), (8.3) 

K(r(t)) = Urn K(r k (t)) (8.4) 

k — >oo 

for every t G [0, T] . Moreover 

9 k ^9 in L x ([0, T]) , (8.5) 
so that there exists a subsequence of 9k which converges to 9 a.e. in [0, T]. 

Proof. For a.e. t £ [0,T] let doo(t) be defined by EH). In the proof of Theorem EH for 

every t £ [0,T] we constructed a function u(t) £ AD(ip(t), such that t (u(t),r(t)) 
is a quasistatic evolution and 

£(t)(u(t),r(t)) = £(0)(u , r ) + / ^oo(s) (8.6) 

Jo 

for every i G [0,T] (see (JE2EJ, JZ2HJ, and (£230- Since (u(t),r(t)) and (v{t),r(t)) satisfy 
the minimality condition (a) in the definition of quasistatic evolution (see Subsection 13. 9|) . 
we have 

£(t)(u(t),r(t))=£(t)(v(t),r(t)) (8.7) 
for every £ £ [0, T] . By condition (c) for i i— > (v(t), r(t)) we have 

f(t)(w(t),r(t))=5(0)(«o,r )+ / 0(s)ds (8.8) 

Jo 

From (f5T^ |> — (fHTH ft we deduce that 

0(f) = 0oc(f) (8.9) 

for a.e. t £ [0, T] . 

By Lemma \&. II for every t £ [Q,T] we have 

liminf £ k (t)(u k (t),r k (t)) <f(0)(uo,r ) + liminf / 9 k (s)ds, (8.10) 



lim8upf fc (t)(u fc (t),r fc (t)) <£(0)(u ,/o)+limsup / 9 k (s)ds. (8.11) 

fe — >oo k— »oo JO 

Let us fix £ € [0, T] and let Uk^t) be a subsequence of such that 

lim ^ (t)(u fe . (t)) = liminf E?(t)(u k (t)) . (8.12) 

Since r k .(t) a p -converges to f*(t) , using lj6.5J) we can apply Theorem 15. 51 to r^. (t) , (t) , 

and life, (f) • Therefore there exist a further subsequence, still denoted u kj (t) , and a function 
u*(t) £ AD(ip(t), r(t)) such that 

W(Vu kj (t))^W(Vu*(t)), (8.13) 

f tj (t)K ; (())^f(t)(«'(f)), (8.14) 

G kj (t)(u kj (t)) -»g(t)(u*(t)). (8.15) 

Moreover 

£(t)(«*(t),r(t)) <£(«)(«, r) 

for every T G 7£(f2 s ), with f(f) C f, and for every u G AD(^(f),r). Since (v(t),r(t)) 
satisfies the same minimality property by condition (a) in Subsection 13.91 we have 

£ el (t)(v(t))=£ el (t)(u*(t)). (8.16) 

From (pnHl - ipTTB) we obtain 

£ el (t)(u*(t)) = lim ^(i)K(t)), 
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which, together with l|8.12[l and 18.16(1 gives 

£ el (t)(v{t)) = liminf £l\t){u k {t)) . (8.17) 

k — >oc 

By (15.21) and (|5.3() we have 

K(r(t)) = K(r*{t)) < liminf K(rj?(t)) = liminf JC{r k {t)) , (8.18) 

so that (PTT7| and ijO^I yield 

£(t)(v(t),r(t)) < liminf £ k (t)(u k (t),r k (t)) . (8.19) 

k— >oo 

From O, JEHU, EZJ, iP^jl - P!f . JEHU, and (Oty we obtain 

£(t)(v(f),r(t)) = lim £ k (t)(u k (t),r k (t)) (8.20) 

— >oo 

ft f T k (t) 

ds (8.21) 



/ 0(s)ds = lim / d k (i 
Jo fc ^°° Jo 



for every t G [0,T] . Equalities |Q and JOj! follow easily from EH , and jOty . 

By (|8.21|) we have 

/ 9{t)dt = lim / 9 k {t)dt. (8.22) 
Jo fe ^°° Jo 

By (I7.4|l and (|8.9|l 6> fc V 6> converges to pointwise on [0, T] , so that by (|7.5|l 

9 k V9^9 inL 1 ([0,T\). (8.23) 
Since 9 k + 9 = (6 k V 0) + (0 fe A 0) , from jHI2S| and lpT2"3|) we obtain 

/ 6{t)dt= lim / (9 k A0)(t)dt. 
Jo k ^° c Jo 

As 9 k A 9 < 9 , this implies that 9 k A 9 converges to 9 in L 1 ([0,T]), which, together with 
JH23), gives JEHU. □ 

9. APPENDIX 

In Remarks 13.31 and 13.51 we introduced elementary conditions on F and G that ensure 
that T , T ', and (7 satisfy all properties required in Subsections 13.41 and 13.51 It is 
easy to see that ()3.23(l and (|3.39|) are much stronger than what we need for this purpose. 
Indeed, it is enough to assume that the partial derivatives d z F , dtF , d z dtF , d z G , dtG, 
and d z dtG exist, are measurable with respect to x, and continuous with respect to (t,z). 
In the rest of this section we show that the same results can be obtained under a less regular 
dependence on time, in the spirit of the hypotheses considered for the boundary deformations 
in Subsection l3.6l 

9.1. Weaker hypotheses on the body forces. We are interested in particular in the case 
of dead loads, in which the density of the body force / : [0, T] xil — > R m per unit volume in 
the reference configuration does not depend on the deformation. In this case the simplest 
choice for the potential is F(t, x, z) := f(t, x)z . But this linear dependence on z can not be 
accepted, because it violates the first inequality in (|3.18|l , where > . We may consider 
a slight variant, namely 

F(t,x,z) :=/(<, x)z + F {x,z), (9.1) 

where Fo : f2xR m — ► K is a Caratheodory function. We assume that for every x £ £1 the 
function z Fq(x, z) belongs to C 1 (R m ) and that for every (x, z) € flxM" 1 

a \z\ q ~bo{x) < -F (x,z) < ai \z\i + h(x) , (9.2) 
\d z F (x,z)\ <a 2 \z\i- 1 + b 2 (x), (9.3) 
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where q > 1, a , a\, a-i are positive constants, bo, bi G 6 2 £ L q (ft), and q' := 

9/(9-1). 

When the body is subject to a deformation ti, the body force acting at time t has a 
density per unit volume in the reference configuration given by f(t,x) + d z Fo(x,u(x)) . 
The term f(t,x) is a time dependent dead load (that we may think of as determined 
by an experimental device), while d z Fo(x,u(x)) can be interpreted as a background time 
independent body force. As a consequence of our hypotheses on Fq , this force will prevent 
broken parts of the body from finding infinity as only equilibrium configuration. 

Let q be a constant in (l,q) and let q' = q/(q — 1). If t i— > f(t,-) is absolutely con- 
tinuous from [0,T] into (f2;R m ) and t i— > f(t,-) is its time derivative, which belongs 
to L x ([0,T];l/(fi;R m )), we can consider the functional ;F(t): L^(ft;R m ) -» R defined for 
every £ G [0,T] by l|TT5)l . with F given by (HO), and the functional P(t) : L«(fi;R m ) -> R 
defined for a.e. i G [0, T] by 

.F(i)(it) := / f(t,x)u(x)dx. 
Jn 

We can easily check that in this case J 7 and J 7 satisfy all properties required in Subsec- 
tion El 

Note that these hypotheses do not guarantee the existence of the partial derivative 
d t F{t,x,z) for a.e. t G [0, T] and for every (x, z) G r2xR m , so that Remark EP1 can not be 
applied. 

We now present a more general set of hypotheses, which includes this case as well as those 
considered in Remark 13.31 More precisely, we assume that F: [0,T]xf2xR m — > R satisfies 
the following conditions 

for every z G R m the function (t,x) \— > F(t,x, z) is C 1 x£™ -measurable on [0,T]xfl, (9.4) 
for every (t, x) G [0, T]xQ, the function z h-> F(i, i, z) belongs to C^R"). (9.5) 

Moreover, we assume that that there exist four constants q > 1, af > 0, af>0, af > 
and three nonnegative functions bf , bf G C°([0, T]; ^(fi)) , bf G C°([0, T]; L 9 '(fi)) , such 
that 

af |z| 9 - bf (i,x) < --Ffox,*) < af |z|« + bf (i,x) , (9.6) 
\d z F(t,x,z)\ < aflzl*- 1 + ^"(t, a:) , (9.7) 

for every (t,x,z) G [0,T]xrJxR m . 

To deal with the dependence of F on t, we assume that there exists a function 
F: [0,T]xftxR m -> R such that for every f G [0,T] and for every z G R m 

F(t,x,z) = F(0,x,z) + I F(s,x,z)ds for a.e. x G ft, (9.8) 
Jo 

d z F(t,x,z) = d z F(0,x,z) + d z F(s,x,z)ds for a.e. a; £ O. (9.9) 

Jo 

The integrals in 19.8J1 and (|9.9Jl are well defined since we assume also that 

for every z G R m the function (t,x) i-> F(t,x,z) is x ^"-measurable on [0,T]xf2, (9.10) 

for every (t, x) G [0, T]xQ, the function z F(t, x, z) belongs to C 1 ^™), (9.11) 

and that there exist a constant q G [1, q) and four nonnegative functions af , af Gi 1 ([0, T]) , 
bf eL 1 ([0,T];L 1 (n)), and bf G L\[0, T]; L* (Q)) such that 

\F(t,x,z)\<a$(t)\z\4 + b$(t,x), (9.12) 

\d z F(t,x,z)\ < alit)^- 1 + bf(t,x) (9.13) 

for every (t,x,z) G [0, T] xOxR™ . 
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The functionals T{t): L q (Q;R m ) -> E and T(t): L9(fi;]R m ) -► K are denned by l|TT^I 
and by 

T{i){u):= I F(t,x,u{x))dx. (9.14) 
Jn 

Using l|?0 | -l|9T7 )l it is easy to see that T{t) is of class C 1 on L q {Q;R m ) and that (fTTTT^I 
and lpH5|) hold. By ^TU ty - jO^ for a.e. t G [0, T] the functional is of class C 1 on 

L«(ft;M m ) and 

(dF(t)(u),v) = { d z F(t,x,u(x))v{x)dx (9.15) 
Jn 

for every it, v G L*(fi; M™ 1 ) , so that the functions £ i— > JF(£)(u) and i i— > (dJ-(t)(u),v) are 
measurable on [0, T] for every u, u G £ 9 (£1; K m ) • From l|9.8|l and l|9.9|) we obtain l|3.16|l and 
(j3.17|l for every pair of simple functions u and v from Q into R m . An easy approximation 
argument shows that (j3.16|) and l|3.17JI hold for every u, v £ L q {Q.\ R m ) . Inequalities H3.18[l - 
(f!OT]l follow immediately from JSHSJ, (E3H, (EU, and lf9"T^ - l|9~T5) . 

Remark 9.1. Let us check that, under the hypotheses on Fq considered above, if the func- 
tion t i ► f(t, •) is absolutely continuous from [0,T] into (f2;IR m ) and 1 < q < 1, then 
the function F defined by (|9.1|l satisfies l|9.4[l - l|9.13f) with F(t,x,z) := j(t,x)z. Properties 
(|9.5|) and l|9.11|l are trivial; (|9.4|) and l|9.8|l - H9.10|l follow from well-known properties of abso- 
lutely continuous functions with values in reflexive Banach spaces (see, e.g., ,5., Appendix]). 
By the Cauchy inequality we have 

- F (t )X)Z )>Sl\ z \9- l a ^\f(t,x)\ q ' -b (x), 
q' q' 

so that the first inequality in (|9.6|) is satisfied with :— ao/q' and b^{t,x) :— b (x) + 
{al ,(1 ^ q) /q')\f{t,x)\ q ' . The second inequality in (H3 can be obtained in a similar way, 
while ijOjl yields (|^7|l with af := a 2 and &f (t,x) := b 2 (x) + \ f(t,x)\. 
To prove (|9.12() we observe that by the Cauchy inequality we have 

\F(t,x,z)\ = \f(t,x)z\ < ^J01^^ + l\\f(t,.)\\ 4 , \z\«, 

so that inequality (|9~T!i|) is satisfied with b$(t,x) := (l/q')\f(t, x)\ q ' \\f(t, -)|| \7 q ' and af (i) 
■= (l/g)||/(*,-)ll9'< Finally, ^9~T3)) holds with af (t, x) := and bf(t,x) := \f(t,x)\. 

9.2. Weaker hypotheses on the surface forces. In the case of a time dependent dead 
load, the density g: [0,T]xds^i — ^ R m of the applied surface force per unit area in the ref- 
erence configuration is independent of the deformation u . Then, the simplest choice for the 
potential is G(t, x, z) := g(t, x)z . Let r and r' be as in Subsection l3.5l If i i — ^ g(t, •) is abso- 
lutely continuous from [0, T] into L r (dsQ M. m ) , and 1 1— > g(t, •) is its time derivative, which 
belongs to Z^QO, T); L r ' (d s tt; M." 1 )) , we can consider the functional Q(t) : L r {d s £l; R m ) -> K 
defined for every t G [0, T] by 

Q(t)(u):= [ g{t,x)u(x)dH n ~ 1 (x), 
and the functional Q(t) : L r (il; R m ) -> R defined for a.e. t G [0, T] by 

G(t)(u):= [ g(t,x)u(x)dH n ^ 1 (x) . 
Jd s n 

We can easily check that in this case Q and Q satisfy all properties required in Subsection l3.5l 
Note that these hypotheses do not guarantee the existence of the partial derivative 
d t G(t,x,z) for a.e. t G [0,T] and for every (x, z) G SsSlxM™, so that Remark 13.51 can 
not be applied. 
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We present now a more general set of hypotheses which includes this case as well as those 
considered in Remark l3.5l More precisely, we assume that G: [0, T] xdgfixR™ — » R satisfies 
the following conditions: 

for every z G R m the function (t,x) > G(t,x,z) is /I 1 x?i™ _1 -measurable, (9.16) 
for every (i, x) G [0, T] x<9 s ft the function z G(i, x, z) belongs to C ,1 (M m ). (9.17) 

Moreover, we assume that there exist two constants a G > , a G > and four non- 
negative functions a G g L°°([0, T]; L r ' (d s n)) , 6 G , 6f G C°([0, T}; L 1 (ds^l)) , and 6 G e 
C°([0,T];L r '(9 s fi)) such that 

-a G (i, x)\z\ - b§(t,x) < -G(t,x,z) < af\z\ r + bf(t,x) , (9.18) 
\d z G(t,x,z)\ < a%\z\ r - 1 + bf(t,x) (9.19) 

for every (t,x,z) G [0, T] xd s MxW n . 

To deal with the dependence of G on t, we assume that there exists a function 
G: [0,T}xd s FLxW m -> R such that for every t G [0,T] and for every z G R m 

G(t,x,z) = G{Q,x,z) + [ G(s,x,z)ds for TC n ^ 1 -a.e. x G dsfl, (9.20) 
Jo 

d z G(t,x,z) = d z G(0,x,z) + [ d z G{s,x,z)ds for H^-a.e. x G 9 5 ^- (9.21) 

Jo 

The integrals in 19.20(1 and ((9.21(1 are well defined since we assume also that 

for every z G R m the function (i, a:) i— > G(i, ac, z) is /I 1 xH" _1 -measurable, (9.22) 
for every (f, sc) G [0, T] xdgfi the function z i-> G(i, i, z) belongs to C 1 QR m ), (9.23) 

and that there exist four nonnegative functions a G , af Gi 1 ([0, T]) , bf Gl/ 1 ([0, T]; L 1 (9sO)) , 
and 6 G G L 1 ([0,T],i r '(O)) such that 

a;,«)| <a G (t)|zr + 6 G (i,z), (9.24) 
|d 2 G(i,x,z)| lafttJIizf- 1 + (9.25) 

for every (t,x,z) G [0, T] xd s ^xR m . 

The functionals Q(t) and L r (d s tt;R m ) -> R are now defined by (|3~2^1> and by 

g(t)(u):= [ G(i,a:,u(a:))dW B - 1 (:B). 

Arguing as in Subsection 19. II it is easy to prove that Q and Q satisfy all properties required 
in Subsection 13. 51 

Remark 9.2. As in Remark l9.il we can prove that, if the function 1 1— > g(t, ■) is absolutely 
continuous from [0, T] into 2/ (<9sf2;R m ), then the function G(t,x,z) := g(t,x)z satisfies 
l|*n5 )l -(PH5 |l with G{t,x,z) := g(t,x)z. 
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